Journal of Scientific Research & Reports
5(5): 427-434, 2015, Article no.JSRR.2015.109
ISSN: 2320-0227

SCIENCEDOMAIN international

www.sciencedomain.org SCIENCEDOMAIN

A Few Results on Wiener Index of the £th Power of Some
Specific Graphs

K. R. Udaya Kumar Reddy'*

1Depezrtment of Computer Science and Engineering, B.N.M. Institute of Technology,
Bengaluru—560 070, India.

Article Information

DOI: 10.9734/JSRR/2015/14639

Editor(s):

(1) Grigorios L. Kyriakopoulos, School of Electrical and Computer Engineering, National Technical
University of Athens (NTUA), Greece.

(2) Kal Renganathan Sharma, Energy and Manufacturing, Lone Star College, North Harris, USA and

Department of Physics, College of Science and Technology,Texas Southern University, Houston, TX
77004, USA.

Reviewers:

(1) Anonymous, Jordan.

(2) Anonymous, India.

Complete Peer review History:
http://www.sciencedomain.org/review-history.php?iid=751&id=22&aid=7794

Original Research Article

Received: 11 October 2014
Accepted: 08 December 2014
Published: 15 January 2015

Abstract

For a simple connected undirected graph G = (V, E), the Wiener index W (G) of G is defined as
half the sum of the shortest-path distances between all pairs of vertices u,v of G. The kth power
of a graph G, denoted by G*, is a graph with the same vertex set as G such that two vertices are
adjacent in G* if and only if their distance is at most k in G. Let P, be a path on n vertices. In
this paper, for the graph G = P, 2P, we obtain a closed form expression for W (G?). In addition, a
correct closed form expression is stated for W (P?). But we are unable to provide a proof for W (P?)
of how such expression has arrived. This may be compared with the existing result: for a graph G
= P,2P,, W(G?) can be computed by an algorithm in linear time.

Keywords: Average distance; distance in graphs; graph algorithms; kth power of a graph; Wiener
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1 Introduction

Let G = (V(G), E(G)) be a finite connected unweighted undirected graph without self-loops and
multiple edges. Let |V (G)| = n and |E(G)| = m denote the order and size of a graph G respectively.
A sequence (u = vi,v2,...,u, = v) of pairwise distinct vertices is a u — v path in G if u =
v1va,...,u—1v; = v € E(G). The length of the u — v path is the number of edges on that path.
The path of order n is denoted by P,. The distance da(u, v) (or simply d(u, v)) between two vertices
u and v is the length of a shortest u — v path. The all — pairs shortest — lengths (APSL) problem is
to find d(u, v) for all pairs of vertices u,v € V(G). The Wiener index W (G) of G is defined as

W(G):% S dww). (1.1)

weV(G) veV(G)

Wiener index is a distance based graph invariant which is one of the most popular topological
indices in mathematical chemistry. It is named after the chemist Harold Wiener, who first introduced it
in 1947 to study chemical properties of alkanes. It is now recognized that there are good correlations
between W (&) and physico-chemical properties of the organic compound from which G is derived.
For applications of Wiener index, see [1,2]. A related quantity is the average distance u(G) defined
as

2W (@)
When G represents a network, u(G) can be viewed as a measure of the average delay of messages
to traverse between two nodes of the network.

As Nishimura et al. mentions in [3], one of the basic problems in computational biology is
the reconstruction of the phylogeny, or evolutionary history, of a set of species or genes, typically
represented as a phylogenetic tree, whose leaves are a distinct known species. The authors in [3]
views correlations between the problem of forming phylogenetic tree and the problem of forming a
tree from a graph. One such correlation between graphs and trees, or more generally between graphs
and graphs, arises in the notion of graph powers. The kth power of a graph, G* = (V(G), E(G*)) is
a graph with the same vertex set as G such that two vertices are adjacent in G* if and only if their
distance is at most k£ in G. Thus in such applications computation of distance plays a crucial role.

The Cartesian product of two graphs G and H denoted by G2H is the graph with vertex set
V(G) x V(H). Every vertex of G2H is thus an ordered pair (u,v), where u € V(G) and v € V(H).
Two distinct vertices (u,v) and (u/,v') are adjacent in G2H if either (1) u = v’ and vv’ € E(H), or
(2 v=1v anduu € E(G).

As an operation of graphs, the Cartesian product is an important method in constructing very
large scale networks from several small graphs. As Xu at al. mentions in [4], the graph that is
constructed from several small graphs can contain the factor graphs (a factor graph is a bipartite
graph that expresses how a global function of many variables factors into a product of local functions)
as subgraphs which preserves some properties of the factor graphs, such as regularity, vertex-
transitivity, hamiltonicity, and so forth. Interestingly, from factor graphs we can easily compute some
important parameters of a graph such as diameter, degree and connectivity. Thus, the Cartesian
product plays an important role in the design and analysis of large scale computer systems and
interconnection networks [5]. For example, hypercube of dimension n, @, is the Cartesian product
of n copies of K2, where K> is an edge.

Entringer et al. [6], obtained the closed form expressions for computing Wiener index of large classes
of trees. Among all trees of order n, the best known are W (P,) = ("4') and W (S,) = (n—1)?, where
P,, and S,, denote the path and star of a graph of order n respectively. The authors showed that:

Theorem 1.1. Let T, be any tree of ordern that is different from P,, and S,,. ThenW (S,) < W(T,,) <
W(P,).

In a manner similar to the bound given in Theorem 1.1, it also holds for the kth power of a graph.
The following theorem and corollary can be found in [7].
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Theorem 1.2. Let T be the kth power of any tree of order n. Then W (Sk) < W(TF) < W(P}).
Corollary 1.3. For a connected undirected graph G of order n, W (G*) < W (PF).

Motivated by the background of Wiener index, average distance, notion of graph powers, Cartesian
product operation, and the results above, in this paper we obtain a closed-form expression for W (G?),
where G = P,2P,. Subsequently, we also obtain a correct closed form expression for W (P?2). But
we are unable to provide a proper theoretical proof of how an expression has arrived for W (P2). This
may be compared with the existing result: for a graph G = P,2P,,, W(G?) can be computed by an
algorithm in linear time [8].

2 Main Results

We begin with the following lemma.
Lemma 2.1. Let P, be a path on n vertices. Then
W(PE2PF) = 2n*W (P)). (2.1)

Proof. The lemma is a consequence of the following result proved in [9]. Let G and H be two
given graphs. Then

W(G2H) = | V(H) P W(G) + | V(G) > W(H). O

Theorem 2.2. For a graph P¥2PF of order n?, W (P52PF) can be computed algorithmically in time
O(n).

Proof. From (2.1), the idea is to first compute W (Py) and then W (P¥2Py) = 2n*W (P}). From
[7], it has been shown that W (PF) = Z;:ll [47(n— ). Hence it follows that W (P¥) can be computed
in O(n). O

Theorem 2.3. LetG = P,2P,, where P, is a path on n vertices. Then

5 L (4n® + 3n* — 4n® ifn is even,
W& = { g E4n5 + 3n* — 4n3)7 3) ifn is odd. (2-2)

Proof. Let H = P22P? be a graph of order n?. Let the vertices of graphs G* and H be arranged
in two dimensions of n-rows and n-columns. Also, let the vertices be numbered 1, 2, ..., n2, where
the vertex number of ith-row and jth-column in a grid represent (i — 1)n + j for 1 < 4,5 < n. For
ue€V(G)and Q C V(G), letd" (u,Q) = 2 veod(u,v). In G?, a cross edge is defined as follows: an
edge (u,v) € E(G?) is a cross edge if d(u, v) = 2, and uth-row # wvth-row, uth-column # vth-column.
It may be noted that since G* is undirected, in each row of vertices (first-row to (n — 1)th-row) we
consider a cross edge (u,v) such that it is an edge connecting a vertex u to a vertex v, u < v. We
know that V (H) = V(G?) and E(H) C E(G?). So E(G?) = E(H) U CE, where CE = E(G*)\E(H),
the set of cross edges in G2. Since V(H) = V(G?) and E(H) C E(G?), W(G?) can be computed
using the result of W (H) as shown below:
Let X1; = V(G®)\{1, ...j}. We consider two cases A and B.

Case A: nis even. Consider the first-row vertices 1, 2, ..., n of G2. Let RE; = {(1,n+2), (2, n+1),
(2,n+3),B,n+2),3,n+4),...,(n—1,2n—-2), (n—1, 2n), (n, 2n — 1)} be the set of cross
edges for first-row vertices of G2. From the set RE;, we can see that in G? there is a single
cross edge that is incident on vertices 1 and n, and there are two cross edges incident on each
of the vertices 2, 3, ..., n — 1. We now compute d, (1, X11), df, (i, X1:) (2 < i < n—1), and
df2 (n, X1n,) as follows:
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1. Computation of dgz(LXu): Let « be the number of edges incident on vertex 1 in
H. Then there are = + 1 edges incident on vertex 1 in G2. That is, the extra edge
that is incident on vertex 1in G* is (1,n 4 2). Thus df,(1, X11) < dj;(1,X11) and

d’»(1,X11) can be obtained by reducing the distance (g)2 from d};(1, X11). This is
possible because (1,n + 2) € E(G?) and hence we can reduce a unit distance to 2
number of vertices in one row of a grid and there are 3 such rows in a grid. That is, we
can reduce a unit distance from vertex 1 to each of the vertices given in the following
sets.

{n+2,n+4,n+6,....,2n—2,2n} U{3n+2,3n+4,3n+6,...,4n —2,4n} U ... U
{(n—=1n+2,(n—1)n+4,(n—1)n+6,...,n° —2,n°}. Itis clear that there are 2
vertices in each set and there are 3 such sets. Thus

4 (1, X0) = dhx) - (3)" 23

In a manner similar to d/, (1, X11), we compute d,, (n, X1,) as

2

dgs(n, X1n) = difr(n, X12) = (5) (2.4)

2. Computation of dégz (4, X1:) (2 < i < n —1): The number of edges incident on vertex

iin G? is = + 2, where z is the number of edges incident on vertex i in H. The extra

two edges that is incident on vertex i in G? are the cross edges (i,n + (i — 1)) and

(i,n + (i + 1)). Thus similar to item 1, with edges (i,n + (i — 1)) and (i,n + (i + 1))

in G* and not in H, d, (i, X1;) can be obtained by reducing the distance (g)2 from
d;(%Xlz) Thus

n

A5, (i, X0s) = (i, Xas) — (5)2. 2.5)

Now we add (2.3), (2.4) and (2.5), and let this result be Df.
Df = déz(l, Xu)+ dJGrz (2, X12)+ ...+ déz (n—1,X1n-1) + dgz(n, Xin)
n\ 2 A 2 n 2
=dfp(1Lx0) — (5) +dh2 X = (5) + . +din X = (5) (26)

2
= [dE(LXll) + d}}(?,xlg) —|— —|— d;(n,Xln)} — n(g) .

Let RE; ={(n+1,2n+2),(n+2,2n+1),(n+2,2n+3),...,(2n—1, 3n — 2), (2n — 1, 3n),
(2n, 3n — 1)} be the set of cross edges for second-row vertices of G2. In a manner similar to
(2.6) with RE, in G*, we add d, (n + 1, X1n11), dfa(n 4 2, Xint2), ..., d s (2n, X120), and
let this result be D5.

D5 =dla(n+1,Xint1) +dia(n+2,X1ni2) +... +dge(2n, X12n)
= dZ(n_Fl’Xl”‘*‘l) - (E _1)3 + dE(n+2,X1n+z) - (g—l)g

2
2.7
+ ..+ d;(z’nﬂXlQn) - (g —1)g ( )
= [dfi(n+1,X1n41) + ... + dj(2n, X120)] — n [(g _ 1) %]

Similar to (2.6) and (2.7), for an ith-row vertices of G?, where i = 4,6,8,...,n —4,n — 2, we
can determine D, Dg, ..., D _5. Notice that D§ = DS, D¢ = D3, ..., D._, = D;_5. Let D;,
= d22 ((n — 1)TL + 1, Xl(nfl)n+1) + dg2 ((n — 1)n + 2, Xl(nfl)n+2) + ...+ dé2 (TL2 — 2, X1n272)
+ dg2(n? — 1,n%). Note that since there are no cross edges for nth-row vertices in G2, the
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distance D¢ is equal to both the graphs G? and H. Thus adding D¢, DS, ..., DS_; and D¢,
we get W (G?) as

)+ oo +di(n—1)n, Xim-1yn) + D5] —

PG 200G 0G5 20 (D)] e

where

W(H) = [df; (1, X11) + df7(2, X12) + ... +dz((n — D)n, Xi(n—1)n) + D5] .
From (2.1) for k = 2, we have W (H) =

=2n*W(P2). In [7] it has been shown that

(2.9)
Thus 5 )
W (H) = n? (” L Ln—J> (2.10)
6 4
Substituting (2.10) in (2.8), we get
3 4
2 2 (M —n n
W(G)_n< . >+8. (2.11)
Simplifying (2.11), we get
W(GH) = 5 (4n® + 3n' — n®). (2.12)
Case B: nis odd. First, we compute dJGr2 (4, X1:) (1 <4 < n) as follows:
In a manner similar to (2.3), when i is odd, we get
. . n )\ 2
déa (i X0) = di6.x0) = (15))
and when i is even, we get
. . n n
dga (i, Xn) = 6, Xu) = (15115]) (2.13)
Now we add d, (1, X11), d 2 (2, X12), ..., d 2 (n, X1n), and let this result be DS .
DY = dgz(l,Xu) + déz(Q,Xlz) +...+ dgz(n -1, X1n-1) + d22 (n, X1n)
_ gt (170 gt _ ("
= dfy(1,%0) = (15)) +dh (2 Xi2) - (15115]) +
2
a5(3,X1a) — (151) + di(@, X)) = (I5115)) + - +
N n noN2 (2.14)
dfy(n =1, X1n1) = (T51151) +diz(n, Xan) = (15))
[d; 1L, X1) + di(2,X12) + ... + d};(n,Xln)} —
n n n n
(5" + 5]
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It may be noted that DS = D?f. In a manner similar to (2.14) we add d22(2n + 1, X12n41),
Ao (2n + 2, X12n42), ..., df2 (30, X13,), and let this result be D3.
DS =dfs(2n+1, X12n11) + dGe (2n + 2, X12n12) + ... +de(3n, X1sn)
= [d}_}(2n—|—1,X12n+1) + d"]_}(2n+2,X12n+2) + ... + d};(Bn,an)] — (215)
n n n n n n
51 (g1 =) 50 + (5 =) 31
Similar to (2.14) and (2.15), for an ith-row (odd i) vertices (5 < i < n — 2) of G2, we can

determine Dg, D7, ..., Dy _,. Notice that D = DS, Dg = Dg, ..., Dy_, = D;,_5 and Dy, =
D¢. Thus adding D¢, DS, ..., D%_, and D2, we get W(G?) as

W(G?) = [df; (1, X11) + d}; (2, X12) + ... +df((n— 1)n, Xi(n_1yn) + Dy] —
231 (150)" + 151 (50| +

2[I51((151-1) 150 + 151 (151 - ) 3]+ + (2.16)
2212115 ]
= W(H) — %
Inserting (2.10) into (2.16), we get
W(G?) = n? (” ot L”Zj) G s gl) : (2.17)
Simplifying (2.17), we get
W(G?) = % (4n® + 30" — 4n® — 3). (2.18)
Thus the result follows from (2.12) and (2.18). O

The following two results are from [7].
Lemma 2.4. Foruve G, dgr (u,v) = [ deler) ],

Lemma 2.5. Let P, be a path of order n. Then

W(P?) = % (”36_” + V”;J) (2.19)

Lemma 2.6. Let P, be a path of ordernand1 <1 < k. Then W(PF) < W(P}).

Proof. Since V(PL) = V(PF) and E(P.) c E(PF), implies diam(PL) > diam(PF). Hence the
bound W (P!) > W (P}) holds. O

Finally, we give a closed form expression for W (P2). Let P, be a path of ordernand 1 <1 < k. Then
P2

W(P) = W(P2) — [%w L1 (2.20)

The expression (2.20) is correct but we are unable to provide a proof of how such expression has

resulted.
Substituting (2.19) in (2.20), we get

W(PS’):%(”R)G_" + VZQD _%E((n—l)?’;(n—l) + V”;DQJN +1.  (2.21)
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Simplifying the right hand side of (2.21), we get

[ nenopntd) [ (oo g | D2 Y] s even,
W(PS)_{ %(u [’Zk | (=2t S 2”2"*””3];1 if n is 0dd. (222

3 Conclusions

Wiener index is a distance based graph invariant which is one of the most popular topological indices
in mathematical chemistry. The index has been used in the characterization of various types of
chemical properties, including alkanes, alkenes and arenes [2]. It has been correlated with a large
number of physiochemical properties, e.g. the boiling point, refractive index, surface tension and
viscosity [1].

One of the fundamental problems in computational biology is the reconstruction of the phylogeny,
or evolutionary history, of a set of species or genes, typically represented as a phylogenetic tree,
whose leaves are labeled by species and in which each internal node represents a speciation event
whereby an ancestral species gives rise to two or more child species [10]. The authors in [3] views
correlations between the problem of forming phylogenetic tree and the problem of forming a tree from
a graph. One such correlation between graphs and trees, or more generally between graphs and
graphs, arises in the notion of graph powers.

In this paper, for a graph G = P,,2P,, and for a path on n vertices P,,, we have presented closed
form expressions for computing the Wiener indices of G* and P2. It should be of interest if we can
obtain an expression for the Wiener index of G* for k > 3, or for some specific class of graphs such as
strongly chordal graphs to obtain an asymptotically faster algorithm for computing the Wiener index
of G*.
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