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ABSTRACT

Compounding a continuous lifetime distribution with a discrete one is a useful technique for
constructing flexible distributions to facilitate better modeling of lifetime data. In this paper, a new
family of lifetime distributions, called the generalized inverse Weibull power series distribution is
introduced. This new family is obtained by compounding the generalized inverse Weibull and
truncated power series distributions. This compounding procedure follows the same way that was
previously carried out by [1]. This family contains several new distributions such as generalized
inverse Weibull Poisson; inverse Weibull Poisson; inverse Rayleigh Poisson; inverse exponential
Poisson; generalized inverse Weibull logarithmic; inverse Weibull logarithmic; inverse Rayleigh
logarithmic; inverse exponential logarithmic; generalized inverse Weibull geometric; inverse Weibull
geometric; inverse Rayleigh geometric and inverse exponential geometric as special cases.

The hazard rate function of the new family of distributions can be increasing, decreasing and
bathtub-shaped. Several properties of the new family including; quantile, entropy, moments and
distribution of order statistics are provided. The model parameters of the new family are estimated
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the new family.

by the maximum likelihood method. The two new models namely; generalized inverse Weibull
Poisson and the generalized inverse Weibull geometric distributions are studied in some details.
Finally, applications to two real data sets are analyzed to illustrate the flexibility and potentiality of

Keywords: Generalized inverse Weibull distribution; power series distribution; distribution of minimum;

entropy; quantile function; estimation.

1. INTRODUCTION

Numerous probability distributions do not provide
adequate fits to real data in many practical
situations. So, several distributions have been
proposed in the literature to model lifetime data
by compounding some useful lifetime
distributions. Compounding lifetime distributions
have been obtained by mixing the distribution
when the lifetime can be expressed as the
minimum of a sequence of independent and
identically distributed random variables together
with a discrete random variable. This idea was
first pioneered in [1] by compounding the
exponential random variable together with a
geometric random variable. This distribution is
known as the exponential geometric distribution.
In the same manner, an exponential Poisson
distribution has been introduced in [2] by
compounding an exponential distribution together
with  Poisson distribution. While, in [3]
generalized the exponential Poisson by including
a power parameter in his distribution.
The Weibull-geometric and Weibull-Poisson
distributions  which  naturally extend the
exponential geometric and exponential Poisson
have been provided in [4] and [5].

In the last few vyears, several families of
distributions  have  been proposed by
compounding some useful lifetime and power
series distributions. The exponential power
series family of distributions with decreasing
failure rate has been introduced in [6]; which
contains as special cases the exponential
Poisson, exponential geometric and exponential
logarithmic  distributions. A  three-parameter
Weibull power series distribution with decreasing,

increasing, upside-down bathtub failure rate
functions has been introduced in [7]. The
generalized exponential power series

distributions have been proposed in [8]. The
compound class of extended Weibull power
series distributions has been proposed in [9]. The
class of Lindley power series distributions has
been introduced in [10]. A new family of
distributions has been defined in [11] by

compounding the Burr XII and truncated power
series distributions.

The inverse Weibull (IW) distribution is an
important life time model in reliability and survival
analysis (see [12]). The IW distribution can be
used to model a variety of failure characteristics
such as infant mortality, useful life, wear out
period, relays, ball bearings, etc. The three-
parameter generalized inverse Weibull (GIW)
distribution is commonly used in the lifetime-
literature and more flexible than the inverse
Weibull distribution. The GIW distribution was
introduced in [13] which extends to several
distributions. The probability density function
(pdf) of the GIW with shape parameter a and
scale parameters y and A takes the following
form

i a
fw;y, 4 a) = ayAaw—a—le‘V(W) )

w >0, A, yanda > 0. (D
The corresponding cumulative  distribution
function (cdf) is

N
Fw;y,4a) =e Y&, )

The rth moment about zero for the GIW
distribution is given by

W' =EW) = ye r(1 -t ) r=12..(3)

where, '(.) is the standard gamma function.

In this article, a new family of the generalized
inverse Weibull power series (GIWPS) models is
introduced by compounding the generalized
inverse Weibull distribution together with power
series distribution. Some of statistical properties
of the GIWRS distribution such as moments,
quantiles, Renyi entropy and order statistics are
studied. In particular, two sub-models of the new
family are derived and studied in some details.
An application of the proposed family is
illustrated using a real data set.

This paper is organized as follows. In Section 2,
the generalized inverse Weibull power series



distribution with its probability density, cumulative
distribution, reliability and hazard rate functions
are introduced. In the same section, some
special sub-models are derived and two
important propositions are introduced. In Section
3, some mathematical properties of the new
family are derived. Estimation of the model
parameters involved using the maximum
likelihood method and some related inferences
are discussed in Section 4. Two special models
which are; the generalized inverse Weibull
Poisson and the generalized inverse Weibull
geometric distributions are investigated in
Sections 5 and 6 respectively. Applications to
two real data sets are presented in Section 7.
Finally, some concluding remarks are addressed
in Section 8.

2. CONSTRUCTION OF THE NEW FAMILY

In this section, the generalized inverse Weibull
power series family of distributions is created.
This new family is derived by compounding the
generalized inverse Weibull and power series
distributions.

2 a
fwayzWlzy, 4, ) = Z“}’law_a_le_y(w>
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Let W, W,,...,W, be Z identically independent
distributed random variables having the GIW with
probability density function (1). Suppose that Z
has a zero truncated power series distribution
with the following probability mass function

a,l

Pz(Z =Z;9) = Ci@)'

z=1,23,.. , (4

where, 6 >0 is the scale parameter. The
coefficients a,'s depend only on z c(9) =
Yor,a,0% is such that c(o) is finite, c¢'(.) and
¢ () denote its first and second derivatives,
respectively. Table 1 shows useful quantities of
some power series distributions (truncated at
zero) according to (4); such as the Poisson,
logarithmic, geometric and binomial distributions.
The properties of the power series class of
distributions can be seen in [14].

Let W1y = min{ Wy, W,, ...,W,}, and by assuming
that; W and Z's are independent, then the
conditional probability density function of
Wuy|Z = z is given by

(1 _ e‘y(%)af_l. ©)

Table 1. Useful quantities for some power series distributions

Distribution a, c(0) c'(0 (0 c (9 0

Poisson zZI™t ef -1 e? e 1n(1+6) 0<f<

Logarithmic z7! —In(1-6) (1-6)—1 (1-06)72 1—e7f 0<0<1

Geometric 1 6(1—-6)t (1-6)2 2(1-6)73 6(1+6)1 0<6<1

Binomial (YZ) a+0Hm-1 m@A+6m™t m@m- }) (0- 1)% . 0<0<1
(1+6)2m

The joint probability density function of W/(yy and Z is obtained as follows

A% a z—la 97
fW(l)Z(W'Z; V'/L a, 9) = Zaylaw_a_le_)/(W) <1 B e_Y(W> ) Z

c(@)

The probability density of the generalized inverse Weibull power series family of distributions is

defined by the marginal density of W,

Qaylaw_“_le_)/(%)ac’ ] (1 - e_)/(%)“)

gw;y,,a,0) = G)

,w>0,a6,y,1>0. (6)

The cumulative distribution function of the GIWPS distribution corresponding to (6) is obtained as

follows
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cle (1 - e‘y(vl‘v)a>

c(9) ’

Gw;v,4a,0)=1- w > 0. @)

The random variable W following (6) with the set of parameters ¥ = (y,4,a,0) is denoted by
W~GIWPS().

In addition, the reliability and hazard rate functions for the GIWPS distribution take, respectively, the
following forms

®)

and

gaylaw—(oﬁl)e_y(%)a(:’ 0 <1 _ e‘)’(%>“)

h(w;v, 1, a,0) = . 9

cle (1 - e‘y(%)a>

2.1 Useful Expansion

In this subsection, two important propositions will be provided. The first proposition indicates that the
new family has the GIW distribution as a limiting case, whereas the second proposition provides a
useful expansion for the pdf of the GIWPS family of distributions (6).

Proposition 1: The GIW distribution with parameters y,Aanda is a limiting special case of the
GIWPS family of distributions as 6 — 0%.

Proof:

a a\ z—1
(1 - e_y(%) > +a,7 1Y a,0%7t (1 - e_y<‘jl_v) )

1+a,7'Y2,a,0%? ’

(}_}OgrnG(w; y,Aa,0)=1— glirg;+

and by using L'Hopital's rule, it follows that
+(5)"
JmGw;y, 4a,0) =e "W,

which is the distribution function of the generalized inverse Weibull distribution as defined in (2).

Proposition 2: The probability density function of the GIWPS can be expressed as an infinite mixture
of the GIW with parameters yj, A and a, which is given by:

gwir,2,00) = ) > () Pz 0) (~DIfwyj A @),

z=1 j=1

where, f(w,vj, 1, a) is the pdf of the GIW distribution with parameters, yj, A anda.



Proof:

The pdf (6) can be rewritten as following
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. N*
Oay w5 a, 2077 Bo(*]Y) (—1)te ()

gw; v, 4, a,0) =
a,0?

6)

~

c

Il Il
A
M

z=1]j

1l
fu

(]Z) P;(z6) (=1)/7'f (w,vj, 4, @),

c(6) ,
Z z <Z : 1) DI+ D ray G+ 1)/‘{aw—a—1e—y(i+1)<%> ’
i=0

(10)

where, f(w,yj, 1, @) is the pdf of the GIW distribution with parameters yj,1 anda.

2.2 Special Sub-models

The cdf (7) extends some distributions which
have not been studied in the literature, the new
sub models are; generalized inverse Weibull
Poisson (GIWP); inverse Weibull Poisson (IWP);
inverse Rayleigh Poisson (IRP); inverse
exponential Poisson (IEP); generalized inverse
Weibull logarithmic (GIWL); inverse Weibull
logarithmic (IWL); inverse Rayleigh logarithmic
(IRL); inverse exponential logarithmic (IEL),
generalized inverse Weibull geometric (GIWG);
inverse  Weibull geometric (IWG); inverse
Rayleigh geometric (IRG) and inverse
exponential geometric (IEG). Table 2 gives the
cdf of the new sub-models.

3. SOME MATHEMATICAL PROPERTIES

In this section, some mathematical properties of
the GIWPS distribution including, quantile
function, rth moment, Renyi entropy and
distribution of order statistics will be derived.

' = EW™) = 52, 552, P (z:0) () (D garT (1-1) a > 7, r =12, .

3.1 Quantiles and Moments

The quantile function has been used in several
statistical aspects such as the generating
random numbers. The quantile function, say
Q(w) of W is given by
-1

_ _ [t cHe@a-w |«
w=0Q) = ,1[71 n{1 — OGN (1)
where, u is a uniform random variable on the
unit interval (0,1) and c¢~1(@) is the inverse

function of ¢(8).

Some of the most important features and
characteristics of a distribution can be studied
through its moments such as tendency,
dispersion, skewness and kurtosis. Therefore, a
general expression for the rth moment of the

GIWPS distribution will be derived.

Proposition 3: The rth moment about zero for a
GIWRPS distribution is given by

r

(12)

a

Proof: The rth moment of the GIWPS distribution is easily obtained by substituting the rth moment of
the GIW distribution defined in (3), but with parameters yj,A anda, in expression (10), then we obtain
the result in (12).

Based on the first four moments of the GIWPS distribution, the measures of skewness (SK) and
kurtosis (K) can be obtained from following relations respectively
r__ 3 ! ’ + 2 N3
SK=M3 H1 U (51) ’
(u2' — (U )?)2

and

K= ta' — 4y s+ 6(uy )2 uy" — 3(uy')*
(u2" — (uy")?)? ’

where, u,', u,', ps' and p,' can be obtained from (12), by substituting » = 1,2,3 and 4.
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Table 2. Useful new lifetime distributions from the GIWPS family

c(9) A a 4 0 Models cdf
Ad
e? —exp {9 (1 - e_y(W) )}
e -1 A>0 a>0 y>0 6>0 GIWP )
Aa
e? —exp {9 (1 - e_(W> >}
e -1 A>0 a>0 y=1 6>0 IWP 5
eV -1
AZ
ef? —exp {9 (1 - e_(W) )}
ef—1 1>0 a=2 y=1 6>0 IRP >
e —1 L
e —exp 9(1—eW)}
ef -1 1>0 a=1 y=1 0>0 IEP e —1
(&)’
1n[1—0<1—e7w )]
_ _ GIWL -
In(1-6) 1>0 a>0 y>0 0<h<1 1 o]
)
ln1—9<1—e w >
- - 1>0 >0 =1 0<o6<1 IWL -
In(1-6) a % < 1 o]
Z.Z
ln1—9<1—e_(W)>
- - 1>0 =2 =1 0<6<1 IRL
In(1-6) a ¥ 1 o[l —0]
-1
ln[l—@(l—eW)]
—In (1-6) A1>0 a=1 y=1 0<h<1 IEL 1_W
All
(1—9)(1—e‘7(W)>
0 1- —
a-o A>0  a>0 y>0 0<6<1 GIWG 1-9(1-e‘(W)>
Aﬂ
1-9 <1—e'(W) )
0 1— —
a-e A>0  a>0 y=1 0<6<1 IWG 1—9(1—9‘(W)>
12
0 (1—9)(1 ) )
1—9(1—e'(W)>
-1
0 (1—9)(1—ew)
R 1—-—~ 7
_ 1>0 =1 =1 0<6<1 IEG 7
-9 * 4 1—9(1—e_W)
()
(1+9<1—eyW ))m—1
m_ yl GIWB 1-
a+em-1 >0 a>0 y>0 0<6<1 arer—1
@)
(1+0<1—e w ))m—1
_ = IwB -
1+6)m-1 1>0 a>0 y=1 0<h<1 1 T
12
(1+0<1—e'(W)))m—1
m_ A>0 =2 =1 0<6<1 IRB -
a+em-1 a 4 1 arom—1
-2
(1+9(1—eW))m—1
1+@m-1 A>0 a=1 y=1 0<6<1 IEB )
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Also, it is easy to show that,

r

o ¢
My = ',

r=0

where, p,." is the rth moment, while M,,(t) denotes the moment generating function (mgf) of W. Then
by using (12), the mgf of W can be written as follows:

o N z . r r
My, (£) = ZZZ—PZ(Z; 0 ( ) COEHaAT(1-1),  a>r r=12...
r=02z=1j=1 m J a

3.2 Order Statistics

In this section, expressions for the pdf of the ith order statistics from the GIWPS distribution are
derived. In particular, the distribution of smallest and largest order statistics are obtained.

Let W,, W, ...,W,be a random sample with probability density function (6) and W,., < W,., < - <
W,., be the corresponding order statistics. The pdf of the ith order statistics, say g;.,(w; ), ¢ =
{v, 4, a, 8}, is obtained as follows:
GinWith) = s gD [EW W L = G ™™, w > 0. (13)
By using, the pdf (6), cdf (7) and applying the binomial expansion in (13), then we get
1 i-1 (i-1 j 0(9(1—9_1/(%)“) "
Ginwit) = s g i) T4 (1) 07 |2 (14)
a n+j—i
Now, since an expansion for [c (6(1 - e_"(W) ))] can be written as follows:
PICES s [ PRGN n+j-i
oo (-]
z=1
G n+j—i ne P\ 2 n+j—i
- [ale(l _w) )] {[1+23(1_3‘V(W) >+ﬁgz (1 _e) ) N } ,
a, aq
a ntj—i a, myH—i
= [a19 (1 _ () )] {2;’,;0 Cn8™ (1 — () ) } , (15)
where, c,, = 2,
az

As mentioned in [15], for a positive integer j, we have the following relation

(i Cm zm>j = i djz™. (16)
m=0

m=0

Hence by applying relation (16) in (15), then (15) can be written as follows

PN n+j-i aa@\ M =i
[c (9(1 — e ))] = 4" S o 07T (1 — ) ) , (17)
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where,d,,;_;o =1 and the coefficientsd,,;_;,, are easily determined from the recurrence
equation dpyj_ir =t Yo lmn +j =i+ 1) — t] ey joijpmm, t = 1.

2 a
By using the expansion c'(8) =Y,z a,0% forc’ [9 (1 - e‘y(W) )] then it can be written
as;

z-1

o= ) Gl =)

c [9(1—e (%) )]_alzk Ock(k+1)[ <l—e (3)a>]k,ck=%. (18)

ap

Then, the pdf of the ith order statistics from the GIWPS distribution is obtained by
substituting expansions (17) and (18) in pdf (14) as follows

i-1

ﬁ(ln_lﬂ) Zzzr,kmrf(w r+Dy,4a), w>0, (19)

j=0 k=0 m=0

GinW; ) =

where,

f(w; (r + 1)y, 4, ) is the pdf of the GIW distribution with parameters (r + 1)y,1andq,

_a(k +1)e*MI" L+m( —1)<k+n+j—i+m

Tjkmr = (@ (r + 1) )(—1)1+ra1n+j—i+1 At jim-

r

The pdf of the smallest and the largest order statistics from the GIWPS distribution is obtained by
substituting i = 1 and n, in (19), respectively, as follows

Grn(wi ) = i ii nal O () e d s

=0m=0r=0
+ Dy, 4, a), w >0,

and

InnW; )

2 e () ) e e

+ 1y, 1, a), w >0,
where, again f(w; (r + 1)y, 4, @) is the pdf of a GIW distribution with parameters (r + 1)y, A anda.

Furthermore, the v;.,,th moment of ith order statistics from the GIWPS distribution can be obtained
from (19) as follows

©

[y

i—

,B(Ln—l+1) iiirlkmrfw flw; @+ Dy, 4, a) dw, (20)

j=0k=0m=071r 0

ﬂvi:n

I
=]

where, fow w? f(w; (r + 1)y, A, a) dw is the vth moment of the GIW distribution with parameters (r +
1y, 4 and . Then zzzzth - moment of the ith order statistics from GIWPS distribution is easily obtained
by substituting the vth moment of the GIW distribution defined in (3), but with parameters y(r +
1),1 andg, in (20), thereafter, the previous equation can be reduced to
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i-1

Bopy = ﬁ(t n—i+ 1D Z Z Z Tj kmor /1"()/(7” + 1))“F(1 _E) , a>v, v=12,...

j=0 k=0m=0r=0
3.3 Re'nyi Entropy
The entropy is a measure of uncertainty variation. The concept of entropy plays a vital role in
information and communication theory. The R’enyi entropy of a random variable W following GIWPS
distribution, for p > 0 and p # 1, is defined as follows
Iz(p) = (1 — p) " log(J L (g(w; 1)) dw).
Let, IP = ["(g(w; ¥))"dw, then

z-1

i oy [eale (1= )
- aypy,—pla+1) , " VP\w p
IP f(eay/l )Pw e R G) dw.
But,
(=] ne z—1\P o ne my P
[Z a,z [9 (1 - e‘y(W) )] } =a, Z S| 0 (1 - e‘y(W) ) O = "”1( +1).(21)
z=1 m=0
By applying relation (16) in (21), then it takes the following form
© z—1\ P © m
AN PN
Z a,z| 6 (1 - e_y<W) ) =a,” Z dym| 6 (1 - e_y(W) ) )
z=1 m=0
(oo} [oe] }_ a
=a,” Z Z (7:) (—1)kdp,m0me_yk(w> _ (22)
m=0 k=0

The coefficients for t > 1 are computed from the recurrence equation d,, =t=*Y,_,[m(p + 1) —
tOmdp,t-m and dp,0=1. Then /P can be written as

w AN
IP = (0ay2%)a, Yoo 320(™) (< 1)y 8™ [ w P @D e 7E0G) gy (23)
The Revnyi entropy can be reduced to the following formula

dp ™ AP DD <M)

(BayA*)Par’ 0 X P m
k() =1 -p)lo (-D* aT =
! c(0)” mzz G+ o)

4. ESTIMATION OF THE MODEL PARAMETERS

In this section; the maximum likelihood estimators (MLEs) of the model parameters of the GIWPS
distribution are determined from complete samples.
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Let W,, W, .., W, be a simple random sample from the GIWPS distribution with parameters
Y = (08,a,y,1). The likelihood function based on the observed random sample of size n is given by

n n 2 a n 2 a
Lw;¥) = H"a"y"A"“(c(a))_n wi_(‘“l) {"(E) cle (1 - e"’(ﬁ) )
[l L= ]

i=1 i=

The natural logarithm of the likelihood function, #* = Ln L(w; ), is given by

n n
A a
f=nln9+n1m'+nlny+naln/1—n1nc(9)—(a+1)21r(wi)—y2(;)
. i

i=1 i=1
n a
+21nc’ 0<1—e_y<‘”ii) ) )
=1

The maximum likelihood estimators of 6, a,y and A, say 8 ,&,7 and 1, are obtained by setting the first
partial derivatives of #* to be zero. The first partial derivatives for log-likelihood function with respect to
0,a, A and y are given respectively as follows:

I ()
TR oo @

IR

|

| 3
+
M-
—

-Y “Y\uw:
of na ayzn:(l)“_l_e /1“‘12
a1 2 li\w, ver AN
i=1 =1 yeaclol1—e "W

and

n ) e fo(1- )|
' n @
(';_y:;_;(%t) + 01 ; e [9(1_3_"(%)“)] :

The MLEs of the model parameters are obtained after setting the non-linear equations to be zero,

i.e, % =0, % =0, % =0, and % = 0. It is clear that, there is no closed solution for the above non-

linear equations, so an extensive numerical solution will be applied via iterative technique.

For the interval estimation of the model parameters, the 4 x 4 observed information matrix 1(y),
whose elements are the second derivatives of the total log likelihood function,

10
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o A LY SR LY AR LY
962  900a 0001 0869y
0% 0% 9% 9%
1(¢)=—< 0% > __| 9200 9a®> 8adA oady

0%i0Y;/ .4 ﬁ 0 ﬁ o*f
0100 010a 01> 0Ady
0" 0 ¢ 9 9%
9yd0 dyda dyor oy?

4Lj=1234

4X4

Under the regularity condltlons the known asymptotic propertles of the maximum likelihood method

ensure that: \/_(1,1) 1,[)) —>N4(O I71(y)) as n - o, where i means the convergence in distribution,
with mean 0 = (0,0,0,0)" and 4 x 4 variance covariance matrix I~1(y) then, the 100(1 —17)%
confidence interval for y = (6, a,Ay) is given, as follows

Pt Zejy Jvar (),

where Z,/, is the standard normal at /2, t/2 s significance level and var (.)’s denote the diagonal
elements of I71(y) corresponding to the model parameters.

5. GENERALIZED INVERSE WEIBULL POISSON DISTRIBUTION

As mentioned in Section 2 that the generalized inverse Weibull Poisson distribution is obtained from
GIWPS distribution as a special case. As seen from Table 2, the cdf of the GIWP takes the form

A

Gw; ) = (e? — 1)1 [e? — exp {9 (1 — () >}],w >0, a,6,1,y > 0. (24)
The pdf of the GIWP distribution corresponding to (24) is
v )
gw; ) = Bay2*w= 1 VW (ef — 1)1 exp {6 (1 —e "W )} w > 0.

The reliability and hazard rate functions are obtained directly from (8) and (9) using the quantity
c(@) =e?—1,0 >0,c'(8) = e?, that corresponds to the zero truncated Poisson distribution as the

following
A a
exp {9 (1 - e_y<W> >} -1
Rw;y) = o :
and
Aa (2
Oay 2w eV exp {9 (1 —e Y(W) )}
h(w; ) = .

exp {9 (1 - e‘y%)a)} -1

Figs. 1 and 2 represent the probability density and the hazard rate functions plots for the GIWP
distribution for some selected values of parameters.
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~=.8. A=1.0=0.1, 6=0.1
~=.8, x=1,0=0.5, 8=0.1
— =8, A=1, 0=0.7, 8=0.1
~=.8, A=1, o=1.5, 8=0.1
~~=.8, dx=l,0=2, 06=0.1

Dansity

1.5

~=8. N=1,=0.1, 8=0.1
~=8, 31, 0=0.5, 8=0.1

— =, X=1, 0=0.7, 6=0.1
~=.8, 31, a=1.5, 8=0.1

=8, 51, 68=0.1

o=2,

Hazard rate

————
————

e

© E—

1 2 3 4

Fig. 2. Hazard rate function plots of the GIWP distribution for some values of the parameters
The GIWP distribution has increasing, decreasing and constant failure rates as shown in Fig. 2.

The quantile function for the GIWP distribution is obtained directly from expression (11) with
c(8) =e? —1andc™1(8) =1 n(1 + 9) as follows

-1

= B n(l +((e? -1 —u))) “
v

0

z,—6
The rth moment about zero of the GIWP distribution is obtained from (12) with P,(z; 8) = m,

z=1,2,.. as follows
0o o) 6% i— . z r
B =2 X (,Z-)m(—l)’ '(yj)=A'T (1 —;). a>r, r=12,...

6. GENERALIZED INVERSE WEIBULL GEOMETRIC DISTRIBUTION

The second special case of the GIWPS family of distributions will be discussed in some details in this
section. As mentioned in Section 2 the distribution function of the generalized inverse Weibull
geometric (see Table 2) takes the following form

12
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1-96) (1 - e'y(é)a>
1-6 (1 - e'y(viv)a> ’

Gw; ) =1-

a,v,A w >0 0<60<1.

The pdf of the GIWG distribution corresponding to (25) takes the following form

-2

1@ 1@
gw; ) = (1 — )ayr*w—e1 [1 - (6(1 - e_y(W) >] e_y(W) , w>0.

In addition, the hazard rate function takes the following form

ayl"‘w‘“‘le—y(é)a

h(w; ) = P

|- (oa- e-y(wf)] (1- e-Y(%)a)

Figs. 3 and 4 represent the probability density and the hazard rate functions plots

distribution for some selected values of parameters.

p— ) 8
e 0.8,
e ~=0.8,

p— =8,

Lo=0.1. 8=0.01
Jo=0.4, H=001
Ja=l, 8=001
La=]5 6=001
Loa=2, B8=001

Density

(25)

for the GIWG

Fig. 3. The pdf plots of the GIWG distribution for some values of parameters

T T T

pr— = 8, A=1, a=0.1,6=001
p— =) &, =1, a=04, 6=001]
fe 40,8, N=1, =1, @=001
e ~=0.8, A=1, a=1.%,8=001
+=0.8, A=1, a=2, =001

ward rale

Fig. 4. Hazard rate function plots of the GIWG distribution for some values of parameters
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Itis clear from Fig. 4 that the GIWG distribution has increasing, decreasing and constant failure rates.

Furthermore, the quantile function and the rth moment formula for the GIWG distribution are obtained

from (11), (12)
#-2 (see Table 1) respectively as follows

-1

w=2{71())

and

by using P,(z;8)=(1-0)0%"1, z=12..,c(8) =6(1—60)tandc'(#) = (1 -

w' =325 () - 00 O e (1-0), a>r r =12,
a

7. APPLICATIONS

In this section, two real data sets will be provided
to compare the fit of some special models of the
GIWPS distribution and to illustrate the flexibility
of the new family.

The first data set is taken from [16], where the
vinyl chloride data is obtained from clean
upgradient ground —water monitoring wells in
mg/L; the data are as follows:

51,12, 13, 0.6, 0.5, 2.4, 0.5, 1.1, 8, 0.8, 0.4,
0.6,0.9,04,2,05,53,3.2,27,29,25,23, 1,
0.2,01,0.1,1.8,0.9,2,4,6.8,1.2,04,0.2.

We have fitted the GIWP, GIWG, GIW and IW
distributions to this real data set. The pdf of the
GIWP is as mentioned in Section 5, the pdf of the
GIWG distribution is as mentioned in Section 6.

In addition, the pdf of the GIW is as mentioned in
Section 1, and the pdf of the inverse Weibull
distribution is as follows
Aa
fw; 1) = a2w "W w0, a,1>0,
where « is the shape parameter and 1 is the
scale parameter.

The models parameters of the GIWP, GIWG,
GIW and IW distributions are estimated by the
maximum likelihood method. The values of
Kolmogorov-Smirnov (K-S) statistics (with the

Fw; A, a,0) = 8aA%we=1(ef — 1) ' e=0@W exp (B(1 — e=AW%)),

corresponding standard errors), maximum
likelihood estimates of the parameters (with
standard errors), Akike information criterion (AIC)
and Bayesian information criterion (BIC) are
calculated. The results for all mentioned models
are reported in Table 3.

In general the best model corresponds to the
smallest values of AIC, BIC, K-S. It clear from
Table 3 that the GIWP model fits the data set
better than the others competing models.

Plots of the pdfs and cdfs of the fitted GIWP,
GIWG, GIW and IW models to the data,
displayed in Figs. 5 and 6, indicated the
superiority of the GIWP model than the other
three models.

As a second example, the data set from [17] will
be considered. It consists of 40 observations of
the active repair times (in hours) for airborne
communication transceiver. The data are:

0.50,
1.00,

0.60, 0.60, 0.70, 0.70, 0.70, 0.80, 0.80,
1.00, 1.00, 1.00, 1.10, 1.30, 1.50, 1.50,
1.50, 1.50, 2.00, 2.00, 2.20, 2.50, 2.70, 3.00,
3.00, 3.30, 4.00, 4.00, 4.50, 4.70, 5.00, 5.40
5.40, 7.00, 7.50, 8.80, 9.00, 10.20, 22.00, 24.50.

We have fitted the GIWP, GIWG, Weibull
Poisson (WP) and Weibull (W) distributions to
this real data set. The pdf of Weibull Poisson
(WP) distribution with shape parameter @ and
scale parameters 1 and @ is as follows

w >0, a,A,0 > 0.

The Weibull (W) distribution has the following density function

fw; B,a,2) = aA®w? le=@W,

w >0,

where a > 0 is a shape parameter and A is a scale parameter.
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Table 3. Estimates (° denotes standard errors), K-S (b denotes p values), AIC and BIC for the
first data set

Models MLES Measures
a y 4 0 K-S AIC BIC
GIWP 0.168 4173 5.027 340.545 0.078 117.678 123.783
(0.156)° (26.01) (0.155  (1.915*1 0"3)  (0.985)°
GIWG  0.148 47.468 4.333 0.999 0.131 125.573 131.678
(0.025)° (33.55)° (1.114)%  (7.098*107-4) (0.602)°
GIW 0.88 0.799 0.797 - 0.113 123.253 127.832
(0.109)° (282.62)° (247.98)° (0.775)°
W 0.88 0.617 - - 0.113 121.253 124.306
(0.109)® (0.128)° (0.775)°
0.8""\ I 0 Data |
pe— G WP
GIWG
® e e GIW
| w

0.6[

Densities

Fig. 5. Estimated densities of models for the first data set

1.2 L T T =
L data
b— G P
e GI'W G
- o & GIW
™

S
o0

Distributions

0.6

1 1 1 1

2 =+ 6 8

data
Fig. 6. Estimated cumulative densities for the first data set
Table 4 shows the values of AIC, BIC and K-S well as the estimated probability densities of the

statistics. Figs. 7 and 8 provide some plots of the fitted GIWP, GIWG, WP and W models to the
estimated cumulative distribution functions as this data set.
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Table 4. Estimates (° denotes standard errors), K-S (° denotes p values), AIC and BIC for the
second data set

Models MLES Measures
@ i y 9 K-S AIC BIC

GIWP 0.528 1.127 3.256 6.957 0.105 188.772  195.527
(0.242)° (0.738)° (0.261)° (6.66)° (0.77)°

GIWG 1.174 0.973 1.606 -0.016 0.159 186.948  193.704
(0.328)° (3.986)° (7.744)° (1.209)° (0.26)°

WP 1.187 0.106 - 3.572 0.124 192.944  198.011
(0.138)° (0.046)° (1.894) (0.57)°

w 0.96 0.255 - - 0.129 195.023  198.4
(0.109)° (0.045)° (0.51)°

It is clear from Table 4 that the proposed GIWP
distribution fits to this data is better than the other

0

models according to the AIC, BIC, and the

4

statistic K-S.
[ Data
pr— ] WP
p— (WG
pr—
8 W

data

Fig. 7. Estimated densities of models for the second data set

Distributions

o]
o

0.6

0.4

data

Fig. 8. Estimated cumulative densities for the second data set
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It is clear from plots of Fig. 7 that the fitted
density of the GIWP model is closer to the
empirical histogram than the corresponding
densities of the GIWG, WP and W models, also,
Fig. 8 confirm this conclusion.

8. CONCLUSION

In this paper, a new family of lifetime distributions
called the generalized inverse Weibull power
series distributions with increasing, decreasing
and constant failure rate functions has been
introduced. The GIWPS density function can be
expressed as a mixture of GIW density functions.
Furthermore, the GIWPS distribution has been
extended several new sub-models which have
not been studied in the literature. Mathematical

properties of the new family, including
expressions for density function, moments,
moment generating function and quantile
function are provided. Further, explicit
expressions for the order statistics and Renyi
entropy are derived. Maximum likelihood is
implemented for estimating the model

parameters. The generalized inverse Weibull
Poisson and the generalized inverse Weibull
geometric distributions have been provided.
Some statistical properties of the GIWP and the
GIWG models have been discussed. In order to
show the usefulness of the suggested family, we
fit the GIWP and the GIWG to two real life data
sets as two sub-models examples from this
family. The GIWP model provides consistently a
better fit than the other models. We hope that
this generalization may attract wider applications
in areas such as engineering, survival and
lifetime data, hydrology, economics (income
inequality) and others.
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