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Review Article

ABSTRACT

It is a review of some new electrodynamics models of interacting charged point particles and
related with them fundamental physical aspects, motivated by the classical A. M. Amper's magnetic
and H. Lorentz force laws, as well as O. Jefimenko electromagnetic field expressions. Based on the
suitably devised vacuum field theory approach the Lagrangian and Hamiltonian reformulations of
some alternative classical electrodynamics models are analyzed in detail. A problem closely related
to the radiation reaction force is analyzed aiming to explain the Wheeler and Feynman reaction
radiation mechanism, well known as the absorption radiation theory, and strongly dependent on the
Mach type interaction of a charged point particle in an ambient vacuum electromagnetic medium.
There are discussed some relationships between this problem and the one derived within the
context of the vacuum field theory approach. The R. Feynman's "heretical" approach to deriving the
Lorentz force based Maxwell electromagnetic equations is also revisited, its complete legacy is
argued both by means of the geometric considerations and its deep relation with the devised
vacuum field theory approach. Based on completely standard reasonings, we reanalyze the
Feynman's derivation from the classical Lagrangian and Hamiltonian points of view and construct
its nontrivial relativistic generalization compatible with the vacuum field theory approach. The
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electron inertia problem is reanalyzed within the Lagrangian-Hamiltonian formalisms and the
related Feynman proper time paradigm. The validity of the Abraham-Lorentz electromagnetic
electron mass origin hypothesis within the shell charged model is argued. The electron stability in
the framework of the electromagnetic tension-energy compensation principle is analyzed.

Keywords: Amper law; Lorentz type force; Lorenz constraint, vacuum field theory approach; Maxwell
electromagnetic equation; Lagrangian and Hamiltonian formalisms; Fock multi-time
approach; Jefimenko equations; quantum self-interactifermi model; radiation theory;
Feynman's proper time approach; Abraham-Lorentz electron mass problem.

PACS: 11.10.Ef, 11.15.Kc, 11.10.-z, 11.15.-q, 11.10.Wx, 05.30.-d.

1. CLASSICAL RELATIVISTIC ELECTRO-
DYNAMICS MODELS REVISITING:
LAGRANGIAN AND HAMILTONIAN
ANALYSIS

1.1 Introductory Setting

The Maxwell's equations serve as foundational
[1,2,3,45] to the whole modern classical
and quantum electromagnetic theory and
electrodynamics. They are the cornerstone of a
myriad of technologies and are basic to the
understanding of innumerable effects. Yet there
are a few effects or physical phenomena that
cannot be explained [6,7,8,9,10,11,12,13] within
the conventional Maxwell theory. It is important
to note here that [8,14,15,16,17] argue that the
Maxwell equations themselves do not determine
causal relationships between electric and
magnetic fields, which prove, in reality, to be
generated independently by an external charge
and current distributions: "There is a widespread
interpretation of Maxwell's equations indicating
that spatially varying electric and magnetic fields
can cause each other to change in time, thus
giving rise to a propagating electromagnetic
wave... However, Jefimenko's equations show an
alternative point of view [3]. Jefimenko says:
"...neither Maxwell's equations nor their solutions
indicate an existence of causal links between
electric and magnetic fields. Therefore, we must
conclude that an electromagnetic field is a dual
entity always having an electric and a magnetic
component simultaneously created by their
common sources: time-variable electric charges
and currents. ".... Essential features of these
equations are easily observed which are that the
right hand sides involve "retarded" time which
reflects the "causality" of the expressions. In
other words, the left side of each equation is
actually "caused" by the right side, unlike the
normal differential expressions for Maxwell's
equations, where both sides take place

simultaneously. In the typical expressions for
Maxwell's equations there is no doubt that both
sides are equal to each other, but as Jefimenko
notes [3], "... since each of these equations
connects quantities simultaneous in time, none of
these equations can represent a causal relation."
The second feature is that the expression for

(electric field) E does not depend upon
(magnetic field) B and vice versa. Hence, it is

impossible for E and B fields to be "creating"
each other. Charge density and current density
are creating them both." As the Jefimenko's

equations for the electric field E and the

magnetic field B directly follow from the
classical retarded Lienard-Wiechert potentials,
generated by physically real external charge and
current distributions, one naturally infers that
these potentials also present suitably interpreted
physical field entities mutually related to their
sources. This way of thinking proved to be, from
the physical point of view, very fruitful, having
brought about a new vacuum field theory
approach [18,19] to alternative explaining the
nature of the fundamental Maxwell equations and
related electrodynamic phenomena.

We start from detailed revisiting the classical
A.M. Ampere's law in electrodynamics and show
that main inferences suggested by physicists of
the former centuries can be strongly extended for
them to agree more exactly with many modern
both theoretical achievements and experimental
results concerning the fundamental relationship
of electrodynamic phenomena with the physical
structure of vacuum as their principal carrier.

We discuss important theoretical physical
principles, characterizing the related
electrodynamic vacuum field structure, subject to
different charged point particle dynamics, based
on the fundamental least action principle. In
particular, we obtain the main classical relativistic
relationships, characterizing the charge point



particle dynamics, by means of the least action
principle within the Feynman's approach to the
Maxwell electromagnetic equations and the
related Lorentz type force derivation. Moreover,
for each of the least action principles constructed
in the work, we describe the corresponding
Hamiltonian pictures and present the related
energy conservation laws. The elementary point
charged particle, like electron, mass problem
was inspiring many physicists [20] from the past
as J. J. Thompson, G.G. Stokes, H.A. Lorentz, E.
Mach, M. Abraham, P.A. M. Dirac, G.A. Schott
and others. Nonetheless, their studies have not
given rise to a clear explanation of this
phenomenon that stimulated new researchers to
tackle it from different approaches based on new
ideas stemming both from the classical Maxwell-
Lorentz electromagnetic theory, as in [1,12,
21,22,23,24,25,26,27,28,29,30,31,32,33,34,35,
36,37,38,39,127], and modern quantum field
theories of Yang-Mills and Higgs type, as in
[40,41,42,43] and others, whose recent and
extensive review is done in [44].

We will mostly concentrate on detailed analysis
and consequences of the Feynman proper time
paradigm [1,22,45,46] subject to deriving the
electromagnetic Maxwell equations and the
related Lorentz like force expression considered
from the vacuum field theory approach,
developed in works [47,48,49,50,51], and further,
on its applications to the electromagnetic mass
origin problem. Our treatment of this and related
problems, based on the least action principle
within the Feynman proper time paradigm [1],
has allowed to construct the respectively
modified Lorentz type equation for a moving in
space and radiating energy charged point
particle. Our analysis also elucidates, in
particular, the computations of the self-interacting
electron mass term in [29], where there was
proposed a not proper solution to the well known
classical Abraham-Lorentz [52,53,54,55] and
Dirac [56] electron electromagnetic "4/3-electron
mass" problem. As a result of our scrutinized
studying the classical electromagnetic mass
problem we have stated that it can be
satisfactory solved within the classical H. Lorentz
and M. Abraham reasonings augmented with the
additional electron stability condition, which was
not taken before into account yet appeared to be
very important for balancing the related
electromagnetic field and mechanical electron
momenta. The latter, following recent enough
works [31,35], devoted to analyzing the electron
charged shell model, can be realized within the
suggested pressure-energy ~ compensation
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principle, suitably applied to the ambient
electromagnetic energy fluctuations and the
electrostatic Coulomb electron energy.

In our investigation, we were in part inspired by
works [35,39,43,44,57,58,59] to solving the
classical problem of reconciling gravitational and
electrodynamic charges within the Mach-Einstein
ether paradigm. First, we will revisit the classical
Mach-Einstein type relativistic electrodynamics of
a moving charged point particle, and second, we
study the resulting electrodynamic theories
associated with our vacuum potential field
dynamical equations (31) and (32), making use
of the fundamental Lagrangian and Hamiltonian
formalisms which were specially devised in
[50,51].

1.2 Classical Maxwell Equations and their
Electromagnetic  Potentials  form
Revisiting

As the classical Lorentz force expression with
respect to an arbitrary inertial reference frame is
related with many theoretical and experimental
controversies, such as the relativistic potential
energy impact into the charged point particle
mass, the Aharonov-Bohm effect [60] and the
Abraham-Lorentz-Dirac radiation force [2,5,6]
expression, the analysis of its structure subject to
the assumed vacuum field medium structure is a
very interesting and important problem, which
was discussed by many physicists including E.
Fermi, G. Schott, R. Feynman, F. Dyson
[1,45,46,61,62,63] and many others. To describe
the essence of the electrodynamic problems
related with the description of a charged point
particle dynamics under external electromagnetic
field, let us begin with analyzing the classical
Lorentz force expression

dp/dt=F :=¢éE+{ux B 1)

where ¢UR

3
ULT(R") is its velocity [47,64] vector,
expressed here in the light speed C units,

is a particle electric charge,

E:=-0A/dt-0¢ @

is the corresponding external electric field and

B:=0OxA (3)



is the corresponding external magnetic field,
acting on the charged particle, expressed in

terms of suitable vector A: M* - B and scalar
¢:M ‘- R potentials. Here, as before, the
sign U is the standard gradient operator with
OB, "x s the
three-dimensional

respect to the spatial variable
usual vector product in

3. 3
Euclidean vector space E*:= (R%, <LIP), which
is naturally endowed with the classical scalar

product <LP. These potentials are defined on

4 3
the Minkowski space M* >~ RxES,
which models a chosen laboratory reference

frame K Now, it is a well known fact [1]

[5] [37] [65] that the force expression (1)
does not take into account the dual
influence of the charged particle on the

electromagnetic field and should be considered

valid only if the particle charge ¢ -0, This also
means that the expression (1) cannot be
used for studying the interaction between
two different moving charged point particles,
as was pedagogically demonstrated in
classical manuals [1] [5]. As the classical
Lorentz force expression (1) is a natural
consequence of the interaction of a charged
point particle with an ambient electromagnetic
field, its corresponding derivation based on the
general principles of dynamics, was deeply
analyzed by R. Feynman and F. Dyson [1] [45]
[46].

Taking this into account, it is natural to reanalyze
this problem from the classical, taking only into
account the Maxwell-Faraday wave theory
aspect, specifying the corresponding vacuum
field medium. Other questionable inferences from
the classical electrodynamics theory, which
strongly motivated the analysis in this work, are
related both with an alternative interpretation of
the well-known Lorenz condition, imposed on the
four-vector of electromagnetic observable

YL 0 4
potentials (¢, A):M" - T(M) and the
classical Lagrangian formulation [5] of charged
particle dynamics under an  external
electromagnetic field. The Lagrangian approach
latter is strongly dependent on the important

K

Einstein notion of the proper reference frame "7
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and the related least action principle, so
before explaining it in more detail, we first
have to analyze the classical Maxwell
electromagnetic theory from a strictly dynamical
point of view.

Let us consider, with respect to a laboratory

reference frame K‘ the additional Lorenz
condition
+< >=
d¢ /ot a,A 0, 4)

a priori assuming the Lorentz invariant wave

scalar field equation

2 2 _ 24
3Pl -0%=p -

and the charge continuity equation

dp/ot+<0,J >=0, (©)

EVE. YL 3
where P- M* - R and J:M" > E are,
respectively, the charge and current densities of

the ambient matter. Then one can derive [18]
[51] that the Lorentz invariant wave equation
0°Alot*-0°A=]
7

and the classical electromagnetic Maxwell field
equations [1,2,5,65,66].

OxE+0B/ot =0,<0,E>=p,
OxB-0dE/dt =J, <0O,B>=0, ®)
4
hold for all (t,r)OM with respect to the

chosen laboratory reference frame K As was
shown by O.D. Jefimenko [3] [4], the
corresponding solutions to (8) for the electric

. 3 . 3
EM4—>E and magnetic BM4—>E
fields can be represented (in the light speed

c=1 units) by means of the following field
expressions that are causally independent to
each other.
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_ 1 ot ,r) 1 opt,.r)), .\ _
Etn) = amr RsKIr—r' F+ F-r'f a )(r ")
1 3(t,r) &or
[r=r' f ot '
- 1 J(t,.r) 1 03(t,r) e
B(t,r) = —R[ —+ : }x(r—r)dr,
AR r=r' P F-r'f a o
where (t,r)DM4 and L =t—|r—r' | is the <U,-0Alot=0¢ >=p. (11)

retarded time. The result (9) was based on direct
derivation from the classical Lienard-Wiechert
potentials [2] [3] solving the field equations (5)
and (7), causally depending on the
corresponding charge and current distributions.
Based strongly on this fact in [3] and [4] there
was argued from a physical point of view that
related equations (5) and (7) for electric and
magnetic potentials really constitute some
suitably interpreted physical entities, in contrast
to the usual statements [1,2,5] about their purely
mathematical origin.

It is worth to notice here that, inversely,
Maxwell's equations (8) do not directly reduce,
via definitions (2) and (3), to the wave field
equations (5) and (7) without the Lorenz
condition (4). This fact and reasonings presented
above are very important: they suggest that,
when it comes to choose main governing
equations, it proves to be natural to replace the
Maxwell's equations (8) with the electric potential
field equation (5), the Lorenz condition (4) and
the charge continuity equation (6). To make the
equivalence statement, claimed above, more
transparent we formulate it as the following
proposition.

Proposition 1. The Lorentz invariant wave
equation (5) together with the Lorenz condition

4) for the observable potentials
RV O 4

(¢, A):M" - TH(M7) and the charge

continuity relationship (6) are completely

equivalent to the Maxwell field equations (8).

Proof.
obtains

Substituting (4), into (5), one easily

0°¢/ot* =—<[,0A/0t >=<1,0¢ >+p, (10)

which implies the gradient expression

Taking into account the electric field definition
(2), expression (11) reduces to

<U,E>=p, (12)

which is the second of the first pair of Maxwell's
equations (8).

Now upon applying UX to definition (2), we find,
owing to definition (3), that

OxE+0B/0t=0, (13)

which is the first pair of the Maxwell equations
(8). Having differentiated with respect to the

temporal variable tDR, used the equation (5)
and taken into account the charge continuity
equation (6), one finds that

<0,0°A/0t*-0°A- J>=0, (14)

The latter is equivalent to the wave equation (7) if
one observes that the current vector

. 4 3
J:M" = B is defined by means of the charge
continuity equation (6) up to a vector function

. 4 3
OxS: M* - E°. Now app|ying operation bx

to the definition (3), owing to the wave equation
(7) one obtains

OxB =0x(OxA=0<0,A>-0%A=

(15)
= —0(3¢ /dt) - 9°A/ It> + (92A/ t*—~0°A) =

:%(—D¢—6A/6t)+ J=0E/dt+ ],



leading directly to
OxB=0E/dt+ J,

which is the first of the second pair of the
Maxwell equations (8). The final "no magnetic
charge" equation

<0d,B>=<0,00x A>=0,

in (8) follows directly from the elementary identity

<0,0x>=0, thereby completing the proof.

This proposition allows us to consider

the observable potential functions
VL O 4

(¢, A): M7 - T(M) as fundamental

ingredients of the ambient vacuum field medium,
by means of which we can try to describe the
related physical behavior of charged point

particles imbedded in space-time M“. As was
written by J.K. Maxwell [67]: "The conception of
such a quantity, on the changes of which, and
not on its absolute magnitude, the induction
currents depends, occurred to Faraday at an
early stage of his researches. He observed that
the secondary circuit, when at rest in an
electromagnetic field which remains of constant
intensity, does not show any electrical effect,
whereas, if the same state of the field had been
suddenly produced, there would have been a
current. Again, if the primary circuit is removed
from the field, or the magnetic forces abolished,
there is a current of the opposite kind. He
therefore recognized in the secondary circuit,
when in the electromagnetic field, a ‘peculiar
electrical condition of matter' to which he gave
the name of Electrotonic State." The following
observation provides a strong support of this
reasonings within this vacuum field theory
approach:

Observation. The Lorenz condition (4) actually
means that the scalar potential field

. 4
$:M" - R continuity relationship, whose
origin lies in some new field conservation law,
characterizes the deep intrinsic structure of the
vacuum field medium.

To make this observation more transparent and
precise, let us recall the definition [1] [5] [65] [66]
J:M* L E®

of the electric current in the

dynamical form
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J = pu,

(16)
3
where the  vector uT(RY) is the
corresponding charge velocity. Thus, the
following continuity relationship
dplot+<0,pu>=0 17)

holds, which can easily be rewritten [50] [51] as
the integral conservation law

d
— t,r)d’ =0
1o P o

for the charge inside of any bounded domain

3
L . 4
Q UE, moving in the space-time M™ with
respect to the natural evolution equation for the
moving charge system

dr /dt:=u. (19)

Following the above reasoning, we obtain the
following result.

Proposition 2. The Lorenz condition (4) is
equivalent to the integral conservation law

%j9t¢(t,r)d3r =0

(20)

Q OE®

where is any bounded domain, moving

with respect to the charged point particle ¢
evolution equation

dr/dt=u(t,r), (1)

which represents the velocity vector of the
related local potential field changes propagating

in the Minkowski space-time M 4, Moreover, for
a particle with the distributed charge density
P:M* L R, the following Umov type local
energy conservation relationship

dp PLOPLD gy

(A Jut ) F )2 22)

holds for any t JIR.



Proof. Consider first the corresponding
solutions to the potential field equations
(5), taking into account condition (16).

Owing to the standard results from [1] [5], one
finds that

A=gu, (23)

which gives rise to the following form of the
Lorenz condition (4):

0¢/ot+<[,¢4u >=0, (24)

This obviously can be rewritten [68] as the
integral conservation law (20), so the expression
(20) is stated.

To state the local energy conservation
relationship (22) it is necessary to combine the
conditions (17), (24) and find that

0(pg)/3t+ <u,0(0g) >+20p <T,U>=0 55

Taking into account that the infinitesimal volume

3, — 3
transformation d r—,\/(t,r)d fo, where the

XEO=IH ) 0| e

- Q

Jacobian

r:Q
corresponding transformation o v

induced by the Cauchy problem for the

differential relationship (21) for any tuR,

satisfies the evolution equation
dy/dt=<0,u>y, (26)

easily follows from (21),

[ Cxds,
Ql

operator ©

obtains that

and applying the

to the equality (25) one

d 3 =4 3 =
=Jo, % (opx* ), o jglowm)Jd 3
(27)

_d S P
=t Jo (09X )T = £(E0).

d{(t Ng.r)

E(&Q) = j iz

=, 9 ore) =], dEET)=EEQ,),
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Here we denoted the conserved charge
{:zf o(t,r)d’r

& and the local energy
conservation quantity £(¢:Q,):

= [ (ox )dr=£(&Q, ) LOR. .
t The latter quantity

can be simplified, owing to the infinitesimal
Lorentz  invariance  four-volume  measure

e — A3
relationship 9 "(t:fo) Hdt =d"r, Ddt,,

4
) X -

variables (t’r)DR‘ Qt oM are, within the

present context, taken with respect to the moving

where

reference frame K" related to the infinitesimal
. — 3
charge quantity de(t,r):=p(t,rd,
t,r))0R, xQ 0OM 4
variables (0 0) o ‘o are taken

with respect to the laboratory reference frame

’C‘O’ related to the infinitesimal charge quantity
— 3
d<(to, To) = P (o, To)d o, satisfying the charge
dé(t,r) = dé(t,,r,).
J, 8¢ jﬂto &t.1,)

and

conservation invariance
The mentioned infinitesimal Lorentz invariance
relationships make it possible to calculate the

£($:Q0) Lo

local energy conservation quantity

§EQ) = [, (opx)d'r=|, (p¢ )d r=
_ d®r Odt 3 *r, Odt,
—j(¢ Ddt)d J(¢ Ddt)olr—
= % 3r = ﬂ
- Iﬂt(p‘p a4 th (A-[uf)?’
(28)
where we took into account that

- _ /2
dt=d (1~ Jufy " Thus, owing to (27) and
(28) the local energy conservation relationship
(22) is satisfied, proving the proposition.

The constructed local energy conservation
quantity (28) can be rewritten as

(29)



where

dl(t,,r,) =dé(t,, r)@tyr,) is the
distributed electromagnetic field energy density,
related with the electric charge dé&(ty,r,),

located initially at a point (t,,r,) M *.

The above proposition suggests a physically
motivated interpretation of electrodynamic
phenomena in terms of what should naturally be
called the vacuum potential field, which
determines the observable interactions between
charged point particles. More precisely, we can a
priori endow the ambient vacuum medium with a
scalar potential energy field density function

— VL
W:=¢{¢:M" > R, where ¢UR, is the value

of an elementary charge quantity, and satisfying
the governing vacuum field equations

W /ot*-0°W=pé, dW/d#<O,A>=0,
(30)

O°Alot>-0A = &ov, A=Wy

taking into account the external charged sources,
which possess a virtual capability for disturbing
the vacuum field medium. Moreover, this vacuum

potential field function W:M* - R allows the
natural potential energy interpretation, whose
origin should be assigned not only to the charged
interacting medium, but also to any other
medium possessing interaction capabilities,
including for instance, material particles,
interacting through the gravity.

The latter leads naturally to the next important

step, consisting in deriving the equation
governing the corresponding potential field
W:M* 5 R,

assigned to a charged point
particle moving in the vacuum field medium with

3
velocity ubT(R")

— 3
rt):=ROUE at time tUR. As can be
readily shown [18] [19] [50] [69], the
corresponding evolution equation governing the

W:M* 5 R,

and located at point

related potential field function
assigned to a charged particle ¢ moving in the

3
space E* under the stationary distributed field
sources, has the form

9 Wy =-0w,
dt (31)
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W:=W(t 1) bRy u(t):= dR(Y/ dt at
(t,R() O M*.

where

the point particle location

Similarly, if there are two interacting charged

R(1)

point particles, located at points rt) = and

r.t) =R, (t)0E

at time tOR and moving,

respectively, with velocities u:=drR()/ dt and

up = dRr (9/ dt the corresponding potential

YL
W:IM" - R, considered with

field function

K.
respect to the reference frame ' specified by
(t,r-r,)OE*

T(R?)

the laboratory reference frame K should
satisfy [18] [19] with respect to the reference

Euclidean coordinates and

. . . u .
moving with the velocity ' subject to

frame t the dynamical equality

d, —, . . —
—[-W(u-u)l=-0W,
dt (32)

we have denoted the
vectors

where, by definition,
velocity

R y §oe— 3 3
u=dr/d,u o= dy SdEDTRS).
comes with respect to the laboratory reference

frame K about the dynamical equality

S (u-y)l= 0% 4 )
(33)

The dynamical potential field equations (31) and
(32) appear to have important properties and can
be used as means for representing classical
electrodynamic phenomena. Consequently, we
shall proceed to investigate their physical
properties in more detail and compare them with
classical results for Lorentz type forces arising in
the electrodynamics of moving charged point
particles in an external electromagnetic field.

1.2.1 Classical
revisited

relativistic _electrodynamics

The classical relativistic electrodynamics of a
freely moving charged point particle in the



Minkowski space-time M*~RxE? is based
on the Lagrangian approach [1] [5] [65] [66] [70]
with Lagrangian function

ﬁo:: _mo(l_ |UF)1/21 (34)

where mUR, is the so-called particle rest
mass parameter with respect to the so called

proper reference frame Kf’ parameterized by
means of the Euclidean space-time parameters

4 3
(z,r) DB, and uUT(RY) is its spatial
velocity with respect to a laboratory reference

frame K parameterized by means of the

4
Minkowski space-time parameters (tLrom7,
expressed here and in the sequel in light speed

units (with light speed C:1). The least action
principle in the form

5S=0, Si=— rp_.:z (|l 12 d -

for any fixed temporal interval [t.t] UR gives
rise to the well-known relativistic relationships for
the mass of the particle

m=m,(1- [uf 2,

(36)

the momentum of the particle
p:=mu=m L(l_ | UF )_1/2 (37)

and the energy of the particle
& =m=my(1-| Ur )_1/2 ‘ (38)

It follows from [5] [65], that the origin of the
Lagrangian (34) can be extracted from the action

S=J:2£(r, dr/dtydtL(r,dr/dt):=—m (& |uf ¥*+& < Au>&p

on the suitable temporal interval tl,tz] O R, which gives rise to the following

dynamical expressions.
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S:= ~m (1~ ub * c=-pf* o

(39)
on the suitable temporal interval [TLTZ] DR,
where, by definition,

dr:=dt(1-|uf )’ (40)

and TUR js the so-called, proper temporal
parameter assigned to a freely moving particle

with respect to the proper reference frame IC"
The action (39) is rather questionable from the
dynamical point of view, since it is physically
defined with respect to the proper reference

frame IC” giving rise to the constant action
S=-m(, -1, as the limits of integrations

< .
n,<T,UR were taken to be fixed from the very
beginning. Moreover, considering this particle to

{OR

have charge and be moving in the

4
Minkowski space-time M* under action of an

O 4
electromagnetic  field (¢, ADOT(M), the
corresponding classical (relativistic) action
functional is chosen (see [1] [5] [47] [51] [65]
[66]) as follows:

S=[ll-maei< A d-gp-| o) d]
(41)

with respect to the proper reference frame,
parameterized by the Euclidean space-time

4
variables (T,r)D]E
r:=dr/dr j,

u:=dr/dt the action (41) can be rewritten
with respect to the laboratory reference frame

Ian

' where we have denoted

contrast to the definition

(42)

(1] [5] [65] [66]



P=p+&A p=my neE I’J(l—| q)llz. (43)
for the particle momentum and

& = (Mg+| P=E AF) 2+ & @

for the charged particle ¢ energy, where, by

. 3.
definition, PUE" is the common momentum of
the particle and the ambient electromagnetic field

4
at a Minkowski space-time point (t,r)Oom=.

The related dynamics of the charged particle ¢

follows [1] [5] [65] [66] from the Lagrangian
equation
dP/dt:=0L(r,dr/dt)=-0(p - < A u>).

(49)

The expression (44) for the particle energy &o
also appears to be open to question, since the

potential energy 9, entering additively, has no
affect on the particle ‘“inertial" mass

— -1/2
m= my (1= [uf ). This was noticed by L.
Brillouin [21], who remarked that the fact that the
potential energy has no affect on the particle
mass tells us that "... any possibility of existence
of a particle mass related with an external
potential energy, is completely excluded".
Moreover, it is necessary to stress here that the
least action principle (42), formulated with

respect to the laboratory reference frame K1

time parameter tUR, appears logically
inadequate, for there is a strong physical
inconsistency with other time parameters of the
Lorentz equivalent reference frames. This was
first mentioned by R. Feynman in [1] in his
efforts to physically argue the Lorentz force
expression with respect to the proper reference

frame ’CT' This and other special relativity theory
and electrodynamics problems stimulated many
prominent physicists of the past [1] [21] [65]
[71] [72] and present [7] [23] [24] [25] [26] [44]
[57] [59] [60] [73] [74] [75] [76] [77] [78] and [79]
[80] [81] [11] [82] [69] [83] [84] [85] [86] [87] to try
to develop alternative relativity theories based on
completely different space-time and matter
structure principles. Some of them prove to be
closely related with a virtual relationship between
electrodynamics and gravity, based on classical
works of H. Lorentz, G. Schott, J. Schwinger, R.
Feynman [1] [22] [53] [54] [63] [88] and many
others on the so called "electrodynamic mass" of

10
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elementary particles. Arguing this way of this
mass, one can readily come to a certain paradox:
the well-known energy-mass relationship for the
particle mass suitably determines the energy of
its gravitational field. Yet this energy should lead
to an increase in the mass of the particle that in
turn should lead to increased gravitational field
and so on. In the limit, for instance, an electron
must have infinite mass and energy, what we do
not really observe. There also is another
controversial  inference from the action
expression (42). As one can easily show, owing
to (45), the corresponding expression for the
Lorentz force.

dp/ dt= F :=FE+Eux E )

holds, where we have defined here, as before,

E:=-0A/0t-0¢ @)

the corresponding electric field and

B:=0OxA (48)

the related magnetic field, acting on the charged
point particle S The expression (46), in
particular, means that the Lorentz force a
depends linearly on the particle velocity vector

3
utT(RY), and so there is a strong
dependence on the reference frame with respect

to which the charged particle ¢ moves. Attempts
to reconcile this and some related controversies
[21] [1] [89] [11] [69] [13] forced Einstein to
devise his special relativity theory and proceed
further to creating his general relativity theory
trying to explain the gravity by means of
geometrization of space-time and matter in the
Universe. Here we must mention that the

classical Lagrangian function L in (42) is written
in terms of a combination of terms expressed by
means of both the Euclidean proper reference

4
(r.nUE and arbitrarily
reference frame variables

frame variables
chosen Minkowski

(t,r)OM *,

These problems were recently analyzed using a
completely different "no-geometry" approach [18]
[19] [69], where new dynamical equations were
derived, which were free of the controversial
elements mentioned above. Moreover, this
approach avoided the introduction of the well
known Lorentz transformations of the space-time



reference frames with respect to which the action
functional (42) is invariant. From this point of
view, there are interesting for discussion
conclusions from [90] [91] [92] [93], in which
some electrodynamic models, possessing
intrinsic Galilean and Poincaré-Lorentz
symmetries, were reanalyzed from diverse
geometrical points of view. From a completely
different  point of view the related
electrodynamics of charged particles was
reanalyzed in [3] [4] [8] [14] [15], where all
relativistic ~ relationships were  successfully
inferred from the classical Lienard-Wiechert
potentials, solving the corresponding
electromagnetic equations. Subject to a possible
geometric space-type structure and the related
vacuum field background, exerting the decisive
influence on the particle dynamics, we need to
mention here recent works [79] [85] [13] and the
closely related with their ideas the classical
articles [94] [95]. Next, we shall revisit the results
obtained in [18] [19] from the classical
Lagrangian and Hamiltonian formalisms [47] [64]
[66] [96] in order to shed new light on the
physical underpinnings of the vacuum field
theory approach to the study of combined
electromagnetic and gravitational effects.

1.3 The Vacuum Field
Electrodynamics
Lagrangian Analysis

Theory
Equations:

1.3.1 A moving in vacuum point charged
particle - an alternative electrodynamic
model

In the vacuum field theory approach to combining
electromagnetism and the gravity, devised in [18]
[19], the main vacuum potential field function
A7 - 4
W:M" - R, related to a charged point particle
¢ under the external stationary distributed field
sources, satisfies the dynamical equation (30),
namely

d - _
—(-Wu) =-0W
dt (49)
in the case when the external charged particles

are at rest, where, as above, U:= dr/ dt s e
particle velocity with respect to some reference
system.

To analyze the dynamical equation (49) from the
Lagrangian point of view, we write the
corresponding action functional as

11
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t T
S:= —IHZWdtz—j W+ | rf V2 o,
e (50)

expressed with respect to the proper reference

frame 7" Fixing the proper temporal
<

parameters <7 UR, one finds from the least

action principle (65=0) that

-Wu,

p :=94L/ar =-Wri(L+|i fy"?

p =dp/dr=0L/dr=-0W(+|rf}? (51

where, owing to
Lagrangian function is

(50), the corresponding

L:=-W( |} Y2 52)

Recalling now the definition of the particle mass

m:= —V_V (53)

and the relationships

— /12 & —
dr = dt(1- |uf)’?,rdr =udt, (54)
from (51) we easily obtain exactly the dynamical
equation (49). Moreover, one now readily finds
that the dynamical mass, defined by means of
expression (53), is given as
1/2

m=m (- uf )",

which coincides with the equation (36) of the
preceding section. Now one can formulate the
following proposition using the above results.

Proposition 3. The alternative freely moving
point particle electrodynamic model (49) allows
the least action formulation (50) with respect to
the "rest" reference frame variables, where the
Lagrangian function is given by expression (52).
Its electrodynamics is completely equivalent to
that of a classical relativistic freely moving point
particle, described in Subsection 1.2.1.

1.3.2 An interacting _two__charge _system
moving _in__vacuum an__alternative
electrodynamic model

We proceed now to the case when our charged

point particle ¢ moves in the space-time with



3
UOT(R®) and interacts with

$is

velocity vector

another external charged point particle

u, OT(R®)

moving with velocity vector with

respect to a common reference frame K. As
was shown in [18] [19], the respectively modified
dynamical equation for the vacuum potential field

VR VLY
function W : M™ - R subject to the moving

reference frame ¢ is given by equality (32), or
d. - . . —
—[-W(u-uw)=-0W,
dt (55)

where, as before, the velocity vectors

u :=dr/dt,u :=dr /dt O T(R®).
¢

Since the

external charged particle in the
4

space-time M~ it

moves

generates the related

magnetic field B:=UxA whose magnetic

. 4 3
vector potentials A:M" - E and

A:MY B are defined, owing to the results
of [18] [19] [69], as

EA=Wu ,é A=Wy, (56)

Whence, taking into account that the field
potential

A —\N (11— -1/2

W=W(@-|y f) 57
and the particle momentum p' =-Wu-= —\7Vu
equality (55) becomes equivalent to

d, . . —

—(p +¢A)=-0W,

dt (58)

if considered with respect to the moving

K.,
reference frame !
equality

or to the Lorentz type force

%(pu‘A):-DV_V(l-Iu ),
(59)

if considered with respect to the laboratory
reference frame IQ, owing to the classical

12
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Lorentz invariance relationship (57), as the
corresponding  magnetic  vector  potential,
generated by the external charged point test

particle < with respect to the reference frame

s identically equal to zero. To imbed the
dynamical equation (59) into the classical
Lagrangian formalism, we start from the following
action functional, which naturally generalizes the
functional (50):

)
s:=—j\7v'(1+ =1 fY2dr.
E (60)

Here, W

as before, is the respectively

w

calculated vacuum field potential subject to

K.
the moving reference frame t

f=udt /dr, i, =u,di/dr,

At (e e — /2
dr=dt(1-|u-u F)l " which take into
account the relative velocity of the charged point

’C' 1
particle ¢ subject to the reference frame !
specified by the Euclidean coordinates

t,r-r.)OR*
(t, ) ' and moving simultaneously

u, OT(R®)

with velocity vector with respect to

the laboratory reference frame K;’ specified by

(t,rom*

the Minkowski coordinates and

K.
related to those of the reference frame t and

K

by means of the following
relationships:

di® = (dt)*+|dr, F,(dt ) =dr ™ |dr—dy f
(61)

infinitesimal

So, it is clear in this case that our charged point
particle ¢ moves with the velocity vector

u —u, OT(R®
f (R%) with respect to the reference

frame t in which the external charged particle

< is at rest. Thereby, we have reduced the

problem of deriving the charged point particle ¢
dynamical equation to that before, solved in
Subsection 1.2.1.



Now we can compute the least action variational

condition 0S=0, taking into account that,
owing to (60), the corresponding Lagrangian
function with respect to the proper reference

K
frame IS given as

L:=-W (1+]i-r, FY2. 62)

As a result of simple calculations, the
generalized momentum of the charged particle

¢ equals

P =0L/dr =-W (=1, )(d+|r =1, F}¥2 =

=W b2+ |F -1, FYY24+W'E, (B F-r, F)V2 =
=mu+§A= pré A= pré A

(63)

where, owing to (57) the

p:=-Wu=-Wu= @IE?,

vectors
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A=Wy =Wy= AR,

the dynamical equality

and giving rise to

9 (5 gAY =-OW @+ [T- 1, [
dr (64)

with respect to the proper reference frame K.

dt =dr(1+|i—r, [)?

As and
;e 12 _ BN 1/2
from (64) the equality
d, . .
—(p +¢{A)=-0OW
dt (65)

exactly coinciding with equality (58) subject to

the moving reference frame ©" Now, making
use of expressions (61) and (57), one can rewrite
(65) as that with respect to the laboratory

reference frame K‘ )

d, . .. _
—(p +&A)=-0OW
dt(p $A) =

Ld oW NG OW
at @ P @G @61
3 _ 3 (66)
4., -war | ¢Wdr, / = GW___
dt “(I+|u; fY?dt (3 g fFdt”  (F jy 1)
= 9w & = -0 |y 1)
dt dt dt 4
exactly coinciding with (59):
d —
—(p+&A=-0OW(-|y ).
dt (67)

Remark 1. The equation (67) allows to infer the following important and physically reasonable

. . . . u
phenomenon: if the test charged point particle velocity

13
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TR tends to the light velocity c=1,
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F_:=-0OW(-|u

the corresponding acceleration force ac (=T, F) is vanishing. Thereby, the
electromagnetic fields, generated by such rapidly moving charged point particles, have no influence
on the dynamics of charged objects if observed with respect to an arbitrarily chosen laboratory

reference frame K‘ ’

The latter equation (67) can be easily rewritten as

dp/dt = -OW-EdA d#O W uf=
(68)
= §(-E'OW-0A/0)-E<ul> AFED< Ay >,
or, using the well-known [125] identity
O<a,b>=<agd>bt <bd >at Ix Ox a+ & dx b, (69)
a,bOE® : o
where are arbitrary vector functions, in the standard Lorentz type form
dp/dt=¢(E+éuwx B-O<&Au y >, (70)
The result (70), being before found and written 1.3.3 A _moving _charged point __patrticle
down with respect to the moving reference frame dynamics formulation dual to the
' ) ) classical relativistic invariant alternative
lCt. in [18] [19] [69] makes it possible to electrodynamic model

formulate the next important proposition. ) ) ) )
It is easy to see that the action functional (60) is

Proposition 4.  The alternative classical ~Written utilizing  the  classical Galilean
relativistic electrodynamic model (58) allows the ~transformations of reference frames. If we now
least action formulation based on the action Cconsider the action functional (50) for a charged

functional (60) with respect to the proper point particle moving with respect the reference
reference frame K, where the Lagrangian frame K, and take into account its interaction

function is given by expression (62). The with an external magnetic field generated by the
resulting Lorentz type force expression equals A M? - Eﬁ,

(70), being modified by the additional force VeftOf" pOte"“a'l, ) it can be
component F,:= -0 <A/ u—u, >, important naturally generalized as
for explanation [97] [98] [99] of the well known
Aharonov-Bohm effect.
Y P
S:= [(-Wdtr& < Adr) = [[- W | 'f Y +& < Ar>]d
b I (71)

where
dr = dt(1- |uf 2.

Thus, the corresponding common particle-field momentum takes the form

14



P :=dL/0f =-Wr(1+ | f)Y?+&A =
=mu+d A= prE A 72)

and satisfies

P :=dP/ dr=0L/dr=—0WH | rf Y?+& <A >:

OW(E-|uf )" +& <Au>(E |uf)™,
(73)

where

L:=-W(+|if)?+& <A > (74)

is the corresponding Lagrangian function. Since
dr = dt(1- |uf }?
that

'one easily finds from (73)

dP/dt=-0O0W+&d < Au>. (75)

Upon substituting (72) into (75) and making use
of the identity (69), we obtain the classical
F

expression for the Lorentz force " ' acting on
the moving charged point particle ¢

dp/dt:=F =fE+{fux B (76)
where, by definition,

E:=-{"OW-0A/dt 77
is its associated electric field and

B:=0OxA (78)

is the corresponding magnetic field. This result
can be summarized as follows.

Proposition 5. The classical relativistic Lorentz
force (76) allows the least action formulation (71)
with respect to the proper reference frame
variables, where the Lagrangian function is given
by formula (74). Yet its electrodynamics,
described by the Lorentz force (76), is not
equivalent to the classical relativistic moving
point particle electrodynamics, described by
means of the Lorentz force (46), as the inertial

15
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mass expression M=-W goes not coincide

with that of (36).

Expressions (76) and (70) are equal up to the
=-0< -u, >

gradient like term F D<dAu-u >,

which reconciles the Lorentz forces acting on a

charged moving particle ¢ with respect to
different reference frames. This fact is important
for our vacuum field theory approach since it
uses no special geometry and makes it possible
to analyze both electromagnetic and gravitational
fields simultaneously by employing the new
definition of the dynamical mass by means of the
Mach-Einstein type expression (53).

1.4The A. M. Ampere's Law in
Electrodynamics - the Classical and
Modified Lorentz Force Derivations

The classical ingenious Andre-Marie Ampere's
analysis of magnetically interacting to each other
two electric currents in thin conductors was
based [1] [5] [65] [66] on the following
experimental fact: the force between two electric
currents depends on the distance between
conductors, their mutual spatial orientation and
the currents. Having additionally accepted the
infinitesimal superposition principle A.M. Ampere
derived a general analytical expression for the
force between two infinitesimal elements of
currents:

dfr.ry=1" ")
|r

“r f

! 3
where vectors "' OE point at infinitesimal

dr=sdl, dr =sdl
s, sOE?

ak,s ;n)didl,
(79)

currents with normalized

orientation vectors of two closed

conductors | and | carrying currents | OR
and I UR, respectively and the unit vector

n=(r=r)|r-r |, fixing the  spatial
orientations of these infinitesimal elements, and

. 2\2 2
the function a:(87)"xS" - R being some
real-valued smooth mapping. Taking further into
account the mutual symmetry between the

infinitesimal elements of currents dl and dr,
belonging respectively to these two electric
conductors, the infinitesimal force (79) was



assumed by A.M. Ampere to satisfy locally the
third Newton's law:

df(r,r)=—df (r',r) (80)

with the mapping

als, s; n:i‘—;;(3|§< SM< 'S P+ k< S ),
(81)

) . T3
where <LI> is the natural scalar product in E

and kl’ kZDR are some still undetermined real
and dimensionless parameters. The assumption
(80) is evidently looking very restrictive and can
be considered as reasonable only subject to a
stationary system of conductors under regard,
when the mutual action at a distance principle [1]
[5] can be applied. According to J. C. Maxwell

Prykarpatski; PSIJ, 12(2): 1-51, 2016; Article no.PSIJ.28935

electrified bodies A and B travel along the line
joining them with equal velocities in the direction

AB, then if either the potential or the attraction
of the bodies at a given time is that due to their
position at some former time (as these authors

suppose), B, the foremost body, will attract A
forwards more than B attracts A backwards.

Now let A and Bbe kept asunder by a rigid rod.
The combined system, if set in motion in the

direction AB, will pull in that direction with a
force which may either continually augment the
velocity, or may be used as an inexhaustible
source of energy."

Based on the fact that there is no possibility to
measure the force between two infinitesimal
current elements, A.M. Ampere took into account
(80), (81) and calculated the corresponding force

[67]: "... we may draw the conclusions, first, that exerted by the whole conductor |’ on an
action and reaction are not always equal and ... ~". y
opposite, and second, that apparatus may be infinitesimal current element of the other
constructed to generate any amount of work from conductor under regard:
its own resources. For let two oppositely
dF(r)::m.df(r,r‘)=
_ /,Jom r- S r+ .
3k, <dr, ><dr , >+ <dr,dr >)=
r—rF(kl F—r | | k2r|—r | ) (82)
I . :
=== {0, (I J(sk1 <dr,r-r ><dr f -t >4, <dr dr' >),
7T r—r
which can be equivalently transformed as
dF(r)—MmD ( 1 j(3k1<drr—r' S<dr p-r >+, <dr dr' >)=
4 =1 | ’ ’ 2
17X 1 : . .
= . . 3<dr,r=r ><dr r-r >-
47Tm - |[k1(
(83)

—<dr,dr >)+(k +k,) <dr,dr >]=

['dr

=—|<1”0 <dr, D[ﬂ{

J>—(|<1+ ) <0 [f], <dr,

l'dr
-— >
[r—r |
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owing to the integral identity

m.D. 1, (B<dr,r—r ><dr r-r >—<dr dr’ >)=<r [ >[|]d—r (84)
r ||'—r | |r_r |

which can be easily checked by means of integration by parts. By introducing the vector potential

Ml g dr
A(r):==—|] —
) 471[]‘j [r=—r | (85)

rO0E®

generated by the conductor I at point ' belonging to the infinitesimal element dl of the

conductor "’ the resulting infinitesimal force (83) gives rise to the following expression:

dF(r) = k(-1 <dr,0)A(r)+ 10 <dr,A(r) >)- (X, +k,)I0 <dr Af)>=
=k Idrx(Ox A(r)) - (2k, + k,) 10 <dr,A(r) >=
=k JI(Nd’rx B(r)—(2k + k)0 < I r, A1) >,

(86)

where we have taken into account the standard If to take an alternative choice and put
magnetic field definition

B(r):=0x A(r)

kl :1’k2 =-1 the expression (86) yields a
modified magnetic Lorentz type force, exerted by
an external magnetic field generated by a moving

' 3
charged particle with a velocity u UT(RY) ona
point particle, endowed with the electric charge

uOT(R):

(87)

and the corresponding current density
relationship

J(r)d®r = Idr. (88) $OR ang moving with a velocity

_ 3 _ 3
There are, evidently, many different possibilities dF (r) = J(Nd"rxB(r) -0 < J(Nd"r, A(r) >,
to choose the dimensionless parameters (91)

ki, k, OR. In his analysis A.M. Ampere had Which has occasionally been discussed in

k =1k, =-2 different works [9] [10] [11] [69] [100] and
chosen the case when ’ and recently been analyzed in detail from the
obtained the well known magnetic force Lagrangian point of view in the works [18] [19]
expression [50] [51] in the following infinitesimal form

dF J(Nd3rxB equivalent to (70):
= X
(r) (r) r (r), (89) JfL(r):Eux(DxfaA(r))_éD<u_uf,5A(r) >,

which easily reduces to the classical Lorentz (92)
expression 003

Here OA(NUTH(RY) denotes the magnetic
df_ (r) =éuxB(r) (90) potential generated by an external charged point

o . i veloci u, OT(R®) d

for a force exerted by an external magnetic field particle moving with velocity an
on a moving point particle with a velocity exerting the magnetic force 5f|_(r) on the

3

uUT(R) point particle with an electric charge  charged particle located at point r OR® and
$OR. moving with velocity Y DT(R?) with respect to

17



a common reference system K‘ We also need
to mention here that the modified Lorentz force
expression (91) does not take naturally into
account the resulting purely electric force, as the

conductors | and | are considered to be
electrically neutral. Simultaneously, we see that
the magnetic potential has a physical
significance in its own right [6] [9] [11] [50] [69]
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and has meaning in a way that extends beyond
the calculation of force fields.

Really, to obtain the Lorentz type force (91)
exerted by the external magnetic field generated

by the whole conductor I on an infinitesimal

current element dl of the conductor l it is
necessary to integrate the expression (92) along

this conductor loop |

dF (r):= m.JfL(r) =J(r)dr x(Dxm.JA(r))—D <J (r)dr,gj.JA(r) >+
+Dm. <Uu,&SA(r)>=J(rdrx Ox A(r))-0 <J (r)dr,m.JA(r) >+

+D[Jj. <dr,EA(r)/dt >= J(r)drx B(r)-0 < J(r)dr,m.JA(r) >+

+0f ) <9S(1),0xE8 A0/ dt>= I(9erxB(r) =0 < I(r)dr [ SA(T) >+ (93)

+Dm. <dS(1),é0B(n/ dt>= J(rdrx B(r)—0 < J( r)dr,[ﬂ.JA(r) >+
+&0(dd(r) / dt) = I(r)drx B(r) -0 < J(r)dr, A(r) > —p(r)d*rOW =
=J(ndrxB(r)-0<J (r)dr,[ﬂ.é’A(r) >+p(r)d’ (—DW—aA(r)lat) =

= J(NdrxB(r)-0 < J(r)dr,m.aA(r) >+p()d%E (),
that is the equality

dF(r) = p(Nd*E(r)+JI(r)d3 xB(r)-0<J(r)d’,A() >, (94)

where, by definition, the electric field E(r):=-0OW -9A(r) /9t Now one can easily derive from (94)
the searched for Lorentz type force expression (91), if one takes into account that the whole electric
field E(r)=0, owing to the neutrality of the conductors.

The presented above analysis of the A.M. Ampere's derivation of the magnetic force expression (86),
as well as its consequences (91) and (92) make it possible to suppose that the missed modified
Lorentz type force expression (91) could also be embedded into the classical relativistic Lagrangian
and related Hamiltonian formalisms, giving rise to eventually new aspects and interpretations of many
observed experimental phenomena.

1.5 The Vacuum Field Theory Electrodynamics Equatio  ns: Hamiltonian Analysis

Any Lagrangian theory has an equivalent canonical Hamiltonian representation via the classical
Legendre transformation [64] [66] [96] [101] [102]. As we have already formulated our vacuum field

theory of a moving charged particle ¢ in Lagrangian form, we proceed now to its Hamiltonian
analysis making use of the action functionals (50), (62) and (71).
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Take, first, the Lagrangian function (52) and the momentum expression (51) for defining the

corresponding Hamiltonian function with respect to the moving reference frame

H =<p,r>-L=

K, :

=-<p,p>W"'(Q | pf W )2+ W(E | pf /W) =

Consequently, it is easy to show [64] [96] [102]
[66] that the Hamiltonian function (95) expresses

a conservation law of the dynamical field
equation (49), that is for all r,toR
dH /dr = dH/ dt=0, (96)

which naturally leads to an energy interpretation

of H. Thus, we can represent the particle
energy as

&= W~ pfy",

Accordingly the Hamiltonian equivalent to the
vacuum field equation (49) can be written as

97)

¢ :=dr/dr=0H /dp= p(W*—| pf )2

p =dp/ dr=-0H/dar=WOWW-| )2, 98)
and we have the following result.

H =<P,i>-L=

~W?=| pF)W*- | pf)"* ==

(95)

—lpFW7 (= [pF W)™+ WW ' (E | pf /W)™ =

(W= | pf)"”.

Proposition 6. The alternative freely moving
point particle electrodynamic model (49) allows
the canonical Hamiltonian formulation (98) with
respect to the "rest" reference frame variables,
where the Hamiltonian function is given by
expression (95). Its electrodynamics is
completely equivalent to the classical relativistic
freely moving point particle electrodynamics
described in Subsection 1.2.1.

In the analogous manner, one can now use the
Lagrangian (62) to construct the Hamiltonian
function for the dynamical field equation (58),

describing the motion of a charged particle ¢ in
an external electromagnetic field in the canonical
Hamiltonian form:

f:=dr/dr=0H /0P, P:=dP/ dr =-d H/dr,
(99)

where

=< P,ff _PW',—l(l_ | P'Z /\7\/’,2)—1/2 >+W[W,2(W2_ | HZ)— 1]1/2:

=<P,i, >+|Pf W |P])’-W?W™* |P})"? =

=-W*=| PF)W = | PP) "% <P >=

=—W 2| PF)2-£ <A, P> (W | PF) ™2 =

=-(W?-|EAP - |PF)?-& <A,P > W E Af- |P])"?,

(100)
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being written with respect to the laborator NVE: 3 .
9 P y where A:M™ - R” is the related magnetic

reference frame K. Here we took into account Vector potential generated by the moving
that, owing to definitions (56), (57) and (63), external charged particle < Equations (99) can
be rewritten with respect to the laboratory

reference frame K‘ in the form

=W L =W (- u-y [J2 = dr/dt=u, dp/ dt=F E+& w B-é0 < Au yu>,
r dt (103)
=W'i, (1+ i —f, FYY2 = which coincides with the result (70).

Whence, we see that the Hamiltonian function
=-Wi, (W?2-| PPY2Wt=-7 (W* | P)¥2, (100) satisfies the energy conservation

(101) conditions
and, in particular, dH/dr = dH/ dt = dH/ dt= 0, (104)
o _IANNT 2 12\ .
f = =AW S| PEYTW=W(E |y )7 (102) for all LU and THRY and that the suitable
energy expression is
E=W* -8 | Af - |PfJ?+& <AP>@F-§7| Af- |P])™ (109
P=p+&A

where the generalized momentum The result (105) differs essentially from that obtained

in [5], which makes use of the Einstein's Lagrangian for a moving charged point particle ¢ in an
external electromagnetic field. Thus, we obtain the following proposition.

Proposition 7. The alternative classical relativistic electrodynamic model (103), which is intrinsically
compatible with the classical Maxwell equations (6), allows the Hamiltonian formulation (99) with
respect to the proper reference frame variables, where the Hamiltonian function is given by the
expression (100).

The inference above is a natural candidate for experimental validation of our theory. It is strongly
motivated by the following remark.

Remark 2. It is necessary to mention here that the Lorentz force expression (103) uses the particle

momentum P~ MY \where the dynamical "mass" M:= ~W satisfies condition (105). The latter

gives rise to the following crucial relationship between the particle energy 50 and its rest mass m =

~Wo (for the velocity u=0 at the initial time moment t=0):
(-16A Imy )
& =m, ,
©T-21En m Ty o

or, equivalently, at the condition |<A I m, lz <1l/2

m=6, 35 - AEA 6 T+ KA 41

(107)
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A, = AlOE?,

where which strongly differs

from the classical expression m, = & = <P,
following from (44) and is not depending a priori

on the external potential energy 5¢0' As the
quantity <A & |- 0, the  following
asymptotical mass values follow from (107):

__1éAT
21618

~

=2 |E Al

(108)

__ AT

The first mass value 21& FEO is
physically reasonable from the classic relativistic
point of view, giving rise at weak enough
magnetic potential to the charged particle energy

&o, yet the  second

() ~ 4
My~ = _\/E <A | still need their physical
interpretation, as they may describe both matter
and anti-matter states, consisting, at a very huge

— 00
energy modulus |f,’0 | ' of some charged
particle excitations of the vacuum. It is also worth

m,

m

m, = &

mass values

mentioning that the sign of the mass

coincides with that of the energy 50 only if the
inequality 1=[&A Tmy |2 20 holgs.

To make this difference more clear, we now
analyze the Lorentz force (76) from the
Hamiltonian point of view based on the
Lagrangian function (74). Thus, we obtain that
the corresponding Hamiltonian function

H =<P,i>-L=<P,i >+W (& |1 ¥?°-¢& <A} >=
=<P-&AF>+W(k [P )2 =
=-<p,p>W7'(- | pf M )Y2+ W(E | pf /W)Y -
=-(W?-| pf)W*- | pfy¥2 == (W~ | pf }*.
(109)
since P=P=¢A e expression  (109)

assumes the final "no interaction" [5] [65] [103]
[104] form
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H = ~(W~| P-£ AF)”,

(110)

which is conserved with respect to the evolution
equations (72) and (73), that is

dH/dr = dH/ dt=0 111)

for all 7,tUR. These equations are equivalent
to the following Hamiltonian system

f=aH 1P =(P-EAW-| P-¢ A,

P =-0H/or=WOW-0<&A(P-& A>)(W-| P& A)™.
(112)

as one can readily check by direct calculations.

Actually, the first equation

t=(P-EMW =] P-& APY™ = p(W— | pfy ¥ =

=mu(W—| pf )™ =— Wy W-| )" = ¢ | &))"
(113)

holds, owing to the condition

s P i
dT—Gli(l—IUF)1 and definitions P-= My

m=-W, postulated from the very beginning.
Similarly we obtain that

P =-OW(-| pf W )"+0 <& Au> (% | pf W)™ :

-OW(I- [uf )" +0 <€ Au> (% [ul)™,

(114)

coincides with equation (75) in the evolution

parameter tUR. This can be formulated as the
next result.

Proposition 8. The dual to the classical
relativistic electrodynamic model (76) allows the
canonical Hamiltonian formulation (112) with
respect to the proper reference frame variables,
where the Hamiltonian function is given by
expression (110). Moreover, this formulation
circumvents the "mass-potential  energy"
controversy  attached to the  classical
electrodynamic model (42).

The modified Lorentz force expression (76) and
the related rest energy relationship are
characterized by the following remark.



Remark 3. If we make use of the modified
relativistic Lorentz force expression (76) as an
alternative to the classical one of (46), the

corresponding charged particle ¢ energy
expression (110) also gives rise to a true
physically reasonable energy expression (at the

— 3
velocity U= OUE” 4t the initial time moment

&= instead of the
classical expression

o= o

t=0 );  namely,
physically controversial

Eo =My + 6¢0’ where

corresponding to the case (44).
1.6 Conclusions

All of the dynamical field equations discussed
above are canonical Hamiltonian systems with
respect to the corresponding proper reference

frames K, parameterized by suitable time
parameters rUR Upon passing to the basic

laboratory reference frame K with the time

parameter tUR, naturally the related
Hamiltonian structure is lost, giving rise to a new
interpretation of the real particle motion. Namely,
one that has an absolute sense only with respect
to the proper reference system, and otherwise
being completely relative with respect to all other
reference frames. As for the Hamiltonian
expressions (95), (100) and (110), one observes
that they all depend strongly on the vacuum

A7 - 4
potential energy field function W:M" - R,
thereby avoiding the mass problem of the
classical energy expression pointed out by L.
Brillouin [21]. It should be noted that the
canonical Dirac quantization procedure can be
applied only to the corresponding dynamical field

W /ot* -0°W=E&p,0W/d +O(vW =0,0p /0 +0( @) =0,
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systems considered with respect to their proper
reference frames.

Remark 4. Some comments are in order
concerning the classical relativity principle. We
have obtained our results relying only on the
natural notion of the proper reference frame and
its suitable Lorentz parametrization with respect
to any other moving reference frames. It seems
reasonable then that the true state changes of a

moving charged particle ¢ are exactly realized
only with respect to its proper reference system.
Then the only remaining question would be about
the physical justification of the corresponding
relationship between time parameters of moving
and proper reference frames.

The relationship between reference frames that
we have used through is expressed as

dr = dt(1- |uf )%, (115)

— 3
where U:=dr/dtUE" is the velocity vector

with which the proper reference frame "7 moves
with respect to another arbitrarily chosen

reference frame KT Expression (115) implies, in
particular, that

dt*>~|dr f=dr?, (116)

which is identical to the classical infinitesimal
Lorentz invariant. This is not a coincidence, since
all our dynamical vacuum field equations were

derived in turn [18][19] from the governing
equations of the vacuum potential field function

W:M* % R i the form

(117)

which is a priori Lorentz invariant. Here PU R is the charge density and V= dr/dt the associated
local velocity of the vacuum field potential evolution. Consequently, the dynamical infinitesimal
Lorentz invariant (116) reflects this intrinsic structure of equations (117). If it is rewritten in the

following nonstandard Euclidean form:

dt®> = dr’+|drf

(118)

it gives rise to a completely different relationship between the reference frames K, and K., namely

dt = dr(1+ | f 2,

(119)



where I -= dr/dr is the related particle velocity
with respect to the proper reference system.
Thus, we observe that all our Lagrangian
analysis in this Section is based on the
corresponding functional expressions written in
these "Euclidean" space-time coordinates and
with respect to which the least action principle
was applied. So we see that there are two
alternatives - the first is to apply the least action
principle to the corresponding Lagrangian
functions expressed in the Minkowski space-time
variables with respect to an arbitrarily chosen

reference frame K" and the second is to apply
the least action principle to the corresponding
Lagrangian functions expressed in Euclidean
space-time variables with respect to the proper
reference frame " 7°

This leads us to a slightly amusing but thought-
provoking observation: It follows from our
analysis that all of the results of classical special
relativity related with the electrodynamics of
charged point particles can be obtained (in a
one-to-one correspondence) using our new
definitions of the dynamical particle mass and the
least action principle with respect to the
associated Euclidean space-time variables in the
proper reference system.

An additional remark concerning the quantization
procedure of the proposed electrodynamics
models is in order: If the dynamical vacuum field
equations are expressed in  canonical
Hamiltonian form, as we have done in this paper,
only straightforward technical details are required
to quantize the equations and obtain the
corresponding Schrodinger evolution equations
in suitable Hilbert spaces of quantum states.
There is another striking implication from our
approach: the Einstein equivalence principle [1]
[5] [65] [89] is rendered superfluous for our
vacuum field theory of electromagnetism and
gravity.

Using the canonical Hamiltonian formalism
devised here for the alternative charged point
particle electrodynamics models, we found it
rather easy to treat the Dirac quantization. The
results obtained compared favorably with
classical quantization, but it must be admitted
that we still have not given a compelling physical
motivation for our new models. This is something
that we plan to revisit in future investigations.
Another important aspect of our vacuum field
theory no-geometry (geometry-free) approach to
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combining the electrodynamics with the gravity,
is the manner in which it singles out the decisive
role of the proper reference frame 7' More
precisely, all of our electrodynamics models
allow both the Lagrangian and Hamiltonian
formulations with respect to the proper reference

system evolution parameter rUR, which are
well suited the to canonical quantization. The
physical nature of this fact remains as yet not
quite clear. In fact, as far as we know [5] [65]
[75] [76] [89], there is no physically reasonable
explanation of this decisive role of the proper
reference system, except for that given by R.
Feynman who argued in [1] that the relativistic
expression for the classical Lorentz force (46)
has physical sense only with respect to the
proper reference frame variables

3
(7,r) DR <E", In future research we plan to
analyze the quantization scheme in more detalil
and begin work on formulating a vacuum
guantum field theory of infinitely many particle
systems.

2. THE LORENTZ TYPE FORCE
ANALYSIS WITHIN THE FEYNMAN
PROPER TIME PARADIGM AND THE
RADIATION THEORY

2.1 Introductory Setting

The elementary point charged particle, like
electron, mass problem was inspiring many
physicists [20] from the past as J. J. Thompson,
G.G. Stokes, H.A. Lorentz, E. Mach, M.
Abraham, P.A. M. Dirac, G.A. Schott and others.
Nonetheless, their studies have not given rise to
a clear explanation of this phenomenon that
stimulated new researchers to tackle it from
different approaches based on new ideas
stemming both from the classical Maxwell-
Lorentz electromagnetic theory, as in [1] [12] [21]
[22] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33]
[34] [35] [36] [37] [39] [74] [105] [106] [107], and
modern quantum field theories of Yang-Mills
and Higgs type, as in [40] [41] [43] [108] and
others, whose recent and extensive review is
done in [44].

In the present work | will mostly concentrate on
detailed analysis and consequences of the
Feynman proper time paradigm [1] [22] [45] [46]
subject to deriving the electromagnetic Maxwell
equations and the related Lorentz like force
expression considered from the vacuum field



theory approach, developed in works [49] [50]
[51], and further, on its applications to the
electromagnetic mass origin problem. Our
treatment of this and related problems, based on
the least action principle within the Feynman
proper time paradigm [1], has allowed to
construct the respectively modified Lorentz type
equation for a charged point particle moving in
space and radiating energy. Our analysis also
elucidates, in particular, the computations of the
self-interacting electron mass term in [29], where
there was proposed a not proper solution to the
well known classical Abraham-Lorentz [52] [53]
[54] [55] and Dirac [56] electron electromagnetic
"4/3-electron mass" problem. As a result of our
scrutinized study of the classical electromagnetic
mass problem we have stated that it can be
satisfactory solved within the classical H. Lorentz
and M. Abraham reasonings augmented with the
additional electron stability condition, which was
not taken into account before yet appeared to be
very important for balancing the related
electromagnetic field and mechanical electron
momenta. The latter, following recent works [31]
[35], devoted to analyzing the electron charged

shell model, can be realized within the
suggested pressure-energy ~ compensation
principle, suitably applied to the ambient

electromagnetic energy fluctuations and the
electrostatic Coulomb electron energy.

2.2 Feynman Proper Time
Geometric Analysis

Paradigm

In this section, we will develop further the
vacuum field theory approach within the
Feynman proper time paradigm, devised before
in [49] [51], to the electromagnetic J.C. Maxwell
and H. Lorentz electron theories and show that
they should be suitably modified: namely, the
basic Lorentz force equations should be
generalized following the Landau-Lifschitz least
action recipe [5], taking also into account the
pure electromagnetic field impact. When applying
the devised vacuum field theory approach to the
classical electron shell model, the resulting
Lorentz  force  expression appears to
satisfactorily explain the electron inertial mass
term exactly coinciding with the electron
relativistic mass, thus confirming the well known
assumption [2] [109] by M. Abraham and H.
Lorentz.

As was reported by F. Dyson [45] [46], the
original Feynman approach derivation of the
electromagnetic Maxwell equations was based
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on an a priori general form of the classical
Newton type force, acting on a charged point

. L . . 3
particle moving in three-dimensional space R
endowed with the canonical Poisson brackets on
the phase variables, defined on the associated

3
tangent space T(R). As a result of this
approach only the first part of the Maxwell
equations were derived, as the second part,
owing to F. Dyson [45], is related with the
charged matter nature, which appeared to be
hidden. Trying to complete this Feynman
approach to the derivation of Maxwell's
equations more systematically we have observed
[49] that the original Feynman's calculations,
based on Poisson brackets analysis, were

3
performed on the tangent space T(R%). which
is, subject to the problem posed, not physically
proper. The true Poisson brackets can be
correctly defined only on the coadjoint phase

O
space T (M) as seen from the classical
Lagrangian equations and the related Legendre
transformation [47] [64] [96] [110] from T(R3) to

* 3

T (R ) Moreover, within this observation, the
corresponding dynamical Lorentz type equation
for a charged point particle should be written for
the particle momentum, not for the particle
velocity, whose value is well defined only with
respect to the proper relativistic reference frame,
associated with the charged point particle owing
to the fact that the Maxwell equations are Lorentz
invariant.

Thus, from the very beginning, we shall
reanalyze the structure of the Lorentz force
exerted on a moving charged point particle with a

charge ¢OR by another point charged particle

with a charge ¢ OR , making use of the
classical Lagrangian approach, and rederive the
corresponding electromagnetic Maxwell
equations. The latter appears to be strongly
related to the charged point mass structure of the
electromagnetic origin as was suggested by R.
Feynman and F. Dyson.

Consider a charged point particle moving in an
electromagnetic field. For its description, it is
convenient to introduce a trivial fiber bundle

) 3 — 3
e M- RS M=R XG’With the

abelian  structure  group G=R\{0 }
equivariantly acting on the canonically symplectic

structur



O0
coadjoint space T (M) endowed both with the
canonical symplectic structure.

a?(p,y;r,9) =dpra®(r,g)=<dpddr>+
+ <dy,0g"dg>, + < ydg",0 dg>,

(120)
for all (p1 y.r g) N TD(M)I where

a®(r,g):=<p,dr>+<y,g'dg>0 T'M)
M, and
one-form

is the corresponding Liouville form on
with a connection

AM S TAM)*G

A(r,9)=g" <{Ar),dr>g+grdg 5,

O 3
with ¢ 06 (r,9)0R %G, 4 <L
3
being the scalar product in E%  The
corresponding curvature 2-form

TP ON(RY)DO G

29(1) =4 A, 0)+ A ) TAG 9) =€ F, (3 T

ij=1

(122)
Where
0A
F(r)=— _9A
! o' or! (123)
for =13 is the electromagnetic tensor with

respect to the reference frame K" characterized
by the phase space coordinates

O 3 ]
(r,p)OT (R ) As an element ¢0g is still

not fixed, it is natural to apply the standard [47]
[64] [96] [110] invariant Marsden-Weinstein-
Meyer reduction to the orbit factor space
P..=R/G
¢° ¢ 7% subject to the related momentum
0 O

mapping T (M) - G, constructed  with
respect to the canonical symplectic structure

(120) on TD(M) , Where, by definition, 5ng is
R=17@0 1M

constant, and
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G, ={g0G Adg

[}
the element $0g-.

is the isotropy group of

As a result of the Marsden-Weinstein-Meyer

reduction, one finds that G“ =G, the factor-
5 ~ T3
space Fz( =T (R is endowed with a suitably

@ OTY( P,
reduced symplectic structure ¢ (F) and
the corresponding Poisson brackets on the

reduced manifold Pf are

{r'rhe =0{p,r} = 4

for 1] =13, considered with respect to the
reference frame K. Introducing a new
momentum variable

= p+SAT) (125)
on ¢ 0 it is easy to |verify that
& — & :=<d,Odr >

' giving rise to the
following "minimal interaction" canonical

Poisson brackets:

(1 =001} o= LA 50
(126)

for 1} =1,3 with respect to some new

reference frame ¢ characterized by the phase

(r,7)0P;

space coordinates and a new

evolution parameter t OR jf and only if the
Maxwell field compatibility equations

OF; 1 0r, +0F 108 +0F, 10r, =0\,

are satisfied on R for all ]k :1’3With the
curvature tensor (123).

Now we proceed to a dynamic description of the
interaction between two moving charged point



particles ¢ and 4z moving respectively, with
the velocities U:=dr/dt goq Ur:=dr /dt

subject to the reference frame ]C‘ Unfortunately,
there is a fundamental problem in correctly
formulating a physically suitable action functional
and the related least action condition. There are
clearly possibilities such as

SO = [ 1 drf o
4 (128)

(LG OR

on a temporal interva with respect

to the laboratory reference frame K.

st) = [t drf ]
4 (129)

on a temporal interval [LLIUR with respect

to the moving reference frame t and

SO = [ ard[x dr/ dr]
1 (130)

| [T17 TZ] D R

on a temporal interva with respect

to the proper time reference frame K. naturally

related to the moving charged point particle ¢

It was first observed by Poincaré and Minkowski

[65] that the temporal differential dr is not a
closed differential one-form, which physically
means that a particle can traverse many different

3
paths in space R* with respect to the reference

frame K during any given proper time interval

dr, naturally related to its motion. This fact was
stressed [65] [111] [112] [113] [114] by Einstein,
Minkowski and Poincaré, and later exhaustively
analyzed by R. Feynman, who argued [1] that the
dynamical equation of a moving point charged
particle is physically sensible only with respect to
its proper time reference frame. This is
Feynman's proper time reference frame
paradigm, which was recently further elaborated
and applied both to the electromagnetic Maxwell
equations in [23] [24] [74] and to the Lorentz type
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equation for a moving charged point particle
under an external electromagnetic field in [47]
[49] [50] [51]. As was there argued from a
physical point of view, the least action principle
should be applied only to the expression (130)
written with respect to the proper time reference

frame K. whose temporal parameter TUR js
independent of an observer and is a closed
differential one-form. Consequently, this action
functional is also mathematically sensible, which
in part reflects the Poincaré's and Minkowski's

observation that the infinitesimal quadratic
interval
2 '\ 2 2
=(dt)°—|dr-dr
dr? = (dt)*~ | dr-dr, P, 13

. K K,
relating the reference frames t and ' can
be invariantly used for the four-dimensional
relativistic geometry. The most natural way to
contend with this problem is to first consider the
quasi-relativistic dynamics of the charged point

particle ¢ with respect to the moving reference
t subject to which the charged point

particle < is at rest. Therefore, it is possible to
write down a suitable action functional (129),

frame

4
up to O/ ), as the light velocity € = ® |
where the quasi-classical Lagrangian
t) :
L4 rdr [ dt
function p [ ] can be naturally
chosen as

£Or;dr /dt]= m(n|dr/ dt - dr, / dt*/2- &6 ().
(132)

m(r)OR

where * is the inertial mass parameter

of the charged particle ¢ and ¢ (r) is the
potential function generated by the charged

3
particle < at a point ' J R” with respect to the

K..
reference frame t  Since the standard
temporal relationships between reference frames

K :
K‘and t

df = dt(1-|dy /] 2, )



as well as between the reference frames t and

IC:

dr = df (1| dr / ot - oy / ' }*2, s

This gives rise, up to O(l/cz), as C - o, to

dt ~dt gnqg dr ~dt, respectively, it is easy
to verify that the least action condition

58:;):0 is equivalent to the dynamical
equation

drr/ dt= Db,f)[r, dr/ dfj= (%\ dr/ dt- dr / df)m m-&¢( ),
(135)

where we have defined
canonical momentum as

the generalized

= aﬁ‘:)[r;dr/dt]/a(dr/ dt) = n(dr/ dt— dg/ dj,
(136)

with the dash signs dropped and denoted by " u

3
" the usual gradient operator in E”. Equating the
canonical momentum expression (136) with
respect to the reference frame t to that of
(125) with respect to the canonical reference

frame ¢ and identifying the reference frame

oo K |
t with t one obtains that

m(dr/ dt—dr / df = mdr/ dt=& A), (137)

giving rise to the important inertial particle mass
determining expression

m=—é¢(r), (138)

which right away follows from the relationship

#(r)dr, /dt = A(r).

(139)

The latter is well known in the classical

electromagnetic theory [2] [5] for potentials
O 4

(¢, ADT (M) satisfying  the  Lorentz

condition
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ag(r)/ot+<0,A(r)>=0, (140)

yet the expression (138) looks very nontrivial in
relating the " inertial" mass of the charged point

particle ¢ to the electric potential, being both
generated by the ambient charged point particles

< As was argued in articles [49] [50], the
above mass phenomenon is closely related and
from a physical perspective shows its deep
relationship to the classical electromagnetic
mass problem.

Before further analysis of the relativistic motion of

the charge ¢ under consideration, we substitute
the mass expression (138) into the quasi-
relativistic action functional (129) with the
Lagrangian (132). As a result, we obtain two
possible action functional expressions, taking
into account two main temporal parameters
choices:

€)= _(Ggy 1 _ L2y
S jt.i f¢(r)(1+5\dr/dt dr, / dt|") ot

(141)

LG OR,

on an interval r

s =g ( r)(l+%|dr/ dr- di /o ) or
n
(142)

on an [7,7,J00R . The direct relativistic

transformations of (142) entail that

S =] (0(1+ 3o/ - a o yar~
~ ("2 (r)(1+[dr /dr—dr, /def2dr =
!

=—["2&4 (r)(a- ldr /dt —dr, /|2 :‘Ezf"" it
(143)

giving rise to the correct, from the physical point
of view, relativistic action functional form (129),
suitably transformed to the proper time reference
frame representation (130) via the Feynman
proper time paradigm. Thus, we have shown that
the true action functional procedure consists in a
physically motivated choice of either the action
functional expression form (128) or (129). Then,
it is transformed to the proper time action



functional representation form (130) within the
Feynman paradigm, and the least action principle
is applied.

Concerning the above discussed problem of
describing the motion of a charged point particle

¢ in the electromagnetic field generated by

another moving charged point particle i it
must be mentioned that we have chosen the
quasi-relativistic functional expression (132) in
the form (129) with respect to the moving

’C'l
reference frame ' because its form is
physically reasonable and acceptable, since the

charged point particle <
generating no magnetic field.

is then at rest,

Based on the above relativistic action functional
expression

S —IT:ZE¢'(r)(1+‘ dr/dr—dr / o )2 of
(144)

written with respect to the proper reference

from K. one finds the following evolution
equation:

d7r, | dr = -E0¢ (r)(1+|dr /dr - o, / a2,

(145)
where the generalized momentum is given
exactly by the relationship (136):

7, =m(dr/ dt-dr, / df. (146)

Making use of the relativistic transformation (133)
and the next one (134), the equation (145) is
easily transformed to

d 2

—(p+&A) =-0g(N(@-|u|).
dt (147)
into account the related

where we took

definitions: (138) for the charged particle ¢
mass, (139) for the magnetic vector potential and

p(r)= ¢'(r)/(1_‘u" ¥ for the scalar

electric potential with respect to the laboratory
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reference frame K‘ Equation (147) can be
further transformed, using elementary vector
algebra, to the classical Lorentz type form:

dp/dt=¢E+fux B-0< = y, A

'(148)
where
E:=-0A/dt-0¢ (149)
is the related electric field and
B:=0UxA (150)

is the related magnetic field, exerted by the

moving charged point particle < on the charged

point particle ¢ with respect to the laboratory

reference frame K The Lorentz type force
equation (148) was obtained in [49] [50] in terms

of the moving reference frame ICt " and recently
reanalyzed in [34] [50]. The obtained results
follow in part [16] [17] from Ampére's classical
works on constructing the magnetic force
between two neutral conductors with stationary
currents.

3. THE SELF-INTERACTION PROBLEM:
HISTORICAL PRELIMINARIES

The elementary point charged particle, like the
electron, mass problem was inspiring many
physicists [20] from the past as J. J. Thompson,
G.G. Stokes, H.A. Lorentz, E. Mach, M.
Abraham, P.A. M. Dirac, G.A. Schott, J.
Schwinger and many others. Nonetheless, their
studies have not given rise to a clear explanation
of this phenomenon that stimulated new
researchers to tackle it from different approaches
based on new ideas stemming both from
the classical Maxwell-Lorentz electromagnetic
theory, as in [1] [21] [22] [24] [25] [26] [34] [74]
[109], and modern quantum field theories of
Yang-Mills and Higgs type, as in [40] [41] [43]
[108] and others, whose recent and extensive
review is given in [44].

In the present work we mostly concentrate on a
detailed quantum and classical analysis of the
self-interacting shell model charged particle
within the Fock multi-time approach [115] [116]
and the Feynman proper time paradigm [1] [22]
[45] [46] subject to deriving the electromagnetic



Maxwell equations and the related Lorentz like
force expression within the vacuum field theory
approach, devised in works [24] [49] [50] [51]
[74] [117], and further, we elaborate the obtained
results to treating the classical H. Lorentz and M.
Abraham [12] [27] [28] [29] [30] [31] [32] [33]
[35] [36] [37] [39] [52] [53] [54] [107] [118]
electromagnetic mass origin problem. For the
first time the proper time approach to classical
electrodynamics and quantum mechanics was
possibly suggested in 1937 by V. Fock [119], in
which, in particular, there was constructed an
alternative proper time based Lagrangian
description of a point charged particle under an
external electromagnetic field. A more detailed
motivation of using the proper time approach was
later presented by R. Feynman in his Lectures
[1]. Concerning the alternative and much later
investigations of the a priori given quantum
electromagnetic Maxwell equations in the Fock
space one can mention the Gupta-Bleiler [120]
[121] [122] and [61] [71] [88] approaches. The
first one, as it is well known [71] [121],
contradicts one of the most important field
theoretical principles - the positive definiteness of
the quantum event probability and is strongly
based on making nonphysical use of an indefinite
metric on quantum states. The second one is
completely non-relativistic and based on the
canonical quantization scheme [71] in the case of
the Coulomb gauge condition. Inspired by these
and related classical results, we have stated that
the self-interacting quantum mechanism of the
charged particle with its self-generated
electromagnetic field consists of two physically
different phenomena, whose influence on the
structure of the resulting Hamilton interaction
operator appeared to be crucial and gave rise to
a modified analysis of the related classical shell
model charged particle within the Lagrangian
formalism. As a result of our scrutinized study of
the classical electromagnetic mass problem
there was demonstrated that it can be
satisfactory solved within the classical H. Lorentz
and M. Abraham reasonings augmented with the
additional electron stability condition, which was
not taken into account before yet appeared to be
very important for balancing the related
electromagnetic field and mechanical electron
momenta. The latter, following the recent works
[31] [35] [118] devoted to analyzing the electron
charged shell model, was realized within the
suggested pressure-energy ~ compensation
principle, suitably  applied to the ambient
electromagnetic energy fluctuations and the self-
generated electrostatic Coulomb electron energy.
In the case of a point charged particle the
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alternative relativistic invariant approach to
studying the radiation reaction force was
suggested by Teitelbom [37], and was based on
a formal relativistic invariant splitting of the
electromagnetic energy-momentum tensor. He
derived the related suitably renormalized
charged particle equations of motion.

4. THE CHARGED PARTICLE SELF-
INTERACTION QUANTUM ORIGIN

Consider a free relativistic quantum fermionic a
priori massless particle field described [121]
[123] by means of the secondly-quantized self-
adjoint Dirac-Weil type Hamiltonian.

H, :_[ Ay < m"-ED >y,
® [ (151)

3 4
where aUE°DOENd M™  denotes the
standard Dirac spin matrix vector representation

M*, cOR,

in the Minkowski space is the light

the usual scalar

E3

velocity, denotes

product in the Euclidean

.3 4
¢:R° ~ (End ®)° a spinor of the quantum
annihilation operators, acting in a suitable Fock
space ® endowed with the usual scalar product
+ . 3 4
(CIy and ¥ R (End D) the
respectively adjoint co-spinor of creation

operators in the Fock space D. The following
anticommuting [121] [123] operator relationships

space

GO N+ (W (N = §0(x Yy,

G, )+ (Y (R = 0,

YN+ (Y (R = 0
(152)

3 H Py
hold for any x yOR and 01,4, being

compatible with the related Heisenberg
operator dynamics, generated by the fermionic
Hamiltonian operator (151):

aw/at‘::ig[Hf,w], aw*/at_:%[Hf,w*]
(153)



with respect to its own laboratory reference

frame ]CT’ parameterized by the evolution
parameter tOR.

It is clear that the Hamiltonian (151) possesses
no information of such an important characteristic

as the electric charge $OR, which generates
the own electromagnetic field interacting both
with it and with other ambient charged particles.
As is usually accepted, we will model a free
electromagnetic field by its bosonic self-adjoint
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.3
operator (@, A):R” ~ Hom

4
(®, @7, whose evolution is generated by the
self-adjoint Hamiltonian

four-potential

H, = ZIRadSK [kF [< A (k), A >=¢ (Kp" (KL,
(154)
acting in the introduced common Fock space ®

and represented by means of the field operators
expanded into the Fourier integrals.

1 ) : 1 . ,
#(X) = G .[de ke (K) exp(i < k,x>)+—(2ﬂ)3/2 szo@ " (K exp i <k,x>),
(155)
A(X) :;j d®kA Rexp(i< k x>)+;'[ d kA (Rexpf i<k, x>)
(277.)3/2 r3 ! (277.)312 r3 ? )

The coefficients of the expansions (155) satisfy the following [115] [116] [121] commutation operator

relationships:

_ﬂg(k_ 3,

#(k).9" ()] 21K]

01

#(k), A (9]

[#(K), #(9)] 0=[¢"(K. " (9],

+ _ Ch 3
[A K, A (sl = WIJ“J(k 5
[ACK), A(S] = 0=[A(B A(H

3 - 1 A
for all k,sOE and j1oL,3

(156)

' compatible with the related Heisenberg operator dynamics [121]

generated by the electromagnetic field Hamiltonian (154):

OA_ 1
of

o¢ _ i

Hy, Al === —
[H, Al ==~

[H, 4],

(157)

with respect to its own laboratory reference frame Kf’ parameterized by the temporal parameter

tOR.

In particular, based on the commutation relationships (156), one can check that the electric

_10A

E:=-0 —
¢ c ot

(158)



and magnetic

B:=0OxA

(159)

fields satisfy the operator Maxwell equations in
vacuum, and the following weak Lorenz type
constraints

Co(Ke = =i<k AK>-]k|g(KlP =0,

G (ko i<k A(K>-]k|g" (KI® =0

(160)

3
hold in the Fock space D for all KUE". as the

operators Co(k): @ =~ g Co(k): @ - @

3
are commuting both to each other for all kOE
and with the Hamiltonian (154), that is

Co(K, G(N] = 0=[Cy(K, G(NI,
CO(k)v Hb] = O:[Cg(k)7 Ho] (161)
for any k’IDES’ the constraints (160) are

compatible with the evolution operator equations
(157). Moreover, concerning the Hamiltonian

operator (154), whose equivalent operator
expression is
1
Hy==[ AEF +IBf)
2 (162)

the following proposition holds.

Proposition 9. The Hamiltonian operator (154)

on the Fock subspace ® reduced by means of
constraints (160) is Hermitian and non-negative
definite.

Proof. In order to define the operator

—<

[k F

the Hamiltonian operator (154) can be rewritten
equivalently as

B(k):= A(K) - k AR >,

(163)

= Z[AXIEF+ [BF -G ) [ ' X<, AS = <O¢ D >)
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H, = 2[d k|kr{<|7| B (K |k| x B(K >+
II(|¢(k)C o (K) + llf[S(k)- il Kl¢™ (K] G( B
(164)
The latter, owing to the weak Lorenz type

constraints (160), gives rise to the inequality

(f,H,f)

x B(K)f—x B(k)f >)=

2 d3k|kr|(<
L@ |k IkI

2'|'R3d3k||kx B(k) f[f= 0
(165)

fO®d,

for any vector proving the proposition.

Remark 5. The Hamiltonian operator expression
(154) easily follows [116] [121] [123] from the
well known relativistic invariant classical Fock-
Podolsky electromagnetic Lagrangian.

1 10A
_Ej d*x< D¢+—— O

- < OxADOxA>- (__¢+<D A>Y]

(166)
Based on the Euler-Lagrange equations
corresponding to (166) one finds that
1 0°A 19
=T 2 ~¢; -A¢ =0,
c” ot c” ot (167)

whose wave solutions allow to determine the
electromagnetic fields (158) and (159) and to
check that the related Maxwell field equations in
vacuum are satisfied if the Lorenz condition
C,(1,%): —1a¢+<D A>=0
c ot (168)

£ 4
holds for all (T, x)IM". Moreover, from the
Lagrangian expression (166) one easily obtains
by means of the corresponding Legendre
transformation [64] [96] [121] the Hamiltonian
operator

(169)



being equivalent in the Fock space ®  modulo
the solutions (155) of the wave equations (167),
to the operator expression(154).

Taking into account the operator equations (157),
one easily obtains that

Co(k) = i<k AK>-|k|g(K]* O,

Co(k) = —i<k A(K>-]klg" (K] O,

(170)

contradicting the imposed Lorenz constraint
(168). As the latter should be vanishing in the
Fock space, it was suggested in [115] to reduce
the Fock space ® o a subspace, on which
there only the weak Lorenz type operator
constraints (160) are satisfied. Concerning these

constraints, imposed on the Fock space ®, it is
necessary to mention that a corresponding

|0> UD does not, evidently,

p(K): P —

vacuum vector

annihilate the operators and

+ . 3
AT(K):® - D, -

as they do not

Hgim) :J.deB)qﬂ+ < CO’,?—D >w+-[R3d3 X(Ew+w¢_('tw+ < m', A>w):

. 4
in which the fermionic ¥ > - and bosonic

(@, A):® - &
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computing pairs with operators Co (k) and
Co(k), respectively.

5. THE TRANSFORMED FOCK SPACE,
ITS LORENZ TYPE REDUCTION
AND THE QUANTUM MAXWELL
EQUATIONS

As we are interested in describing the self-
interaction of the fermionic quantum particle field

. 4
yo - with the related self-generated
bosonic  electromagnetic potentials  field

. 4
(9. A):® - &, we need, within the Fock
multi-time description approach [115] [116], first
to consider the fermionic particle and bosonic
electromagnetic fields with respect to the

common reference frame K specified by the

temporal parameter tUR. Secondly, we need to
make use of the classical "minimum interaction"
principle  [47] [117], (whose  sketched
backgrounds are presented in Supplement,
Section 9. and to apply to the Hamiltonian
operator expression (151):

(171)

operators are commuting a priori

to each other as quantum fields of different nature. Since the whole quantum field system consists of
the fermionic particle and bosonic self-generated electromagnetic fields, its evolution is described by

means of the joint Hamiltonian operator

— g (inD)
H,,=H"+H,

(172)
via the Heisenberg equations

oY i oyr i N

- . =— H y 1_::_ H —p? 3

at h[ f-b w] at h[ fbl//]
0A i 09 _ i
—  =—[H,_,A], —=—[H,_,,

ot h[ o Al ot h[ o f) (173)

tdR

' as in this case there is assumed that the

with respect to the common temporal parameter

corresponding temporal parameters t OR and t OR coincide, that is t=t=tOR and, by

definition, the operator spinor Yt.x) ::l/l(f,t) hf:t * Simultaneously, the before derived both the
electromagnetic field evolution equations (157) should be satisfied with respect to the own reference

frame K and the modified fermionic charged particle field equations
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o™ _ i

W _ i 7
G [

at— : h [H gint),w] [H gint)’ w+]

(174)

with respect to the own reference frame K.

Being mostly interested in the evolution of the
guantum particle fermionic field o - o, we
can get rid of the bosonic Hamiltonian impact into

(174) having applied to the Fock space D the
unitary canonical transformation

P - d:=U ()P, (175)

H Eint) — U (t)H Eint)U D(t) —
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where we denoted by u@):® - o the unitary
operator satisfying the determining equation

dU(t)/ dt=~ H,U(1)
h (176)

subject to the bosonic Hamiltonian operator (154)

and the temporal parameter tUR. as a
consequence of the transformation (175) we
obtain the effective fermionic particle field
interaction Hamiltonian operator.

= o <@ B0+ [ Y Y- < @ Aoy),

where, by definition,

A:=U(t)AU(1), § := U ()pu"(1)],

subject to which the evolution in the transformed Fock space

(154)

H, =U®HU 1) =2 d°k [k F [< & (K), A1) >~ (KF" (K],

177)

(178)

®, induced by the Hamiltonian operator

(179)

became completely eliminated. Concerning the Hamiltonian operator (179) here we need to mention

that the related commutation

(B(K), A(K): ® — &

) 3 " relationships for the operators and
(@"(k), A(K): ® ~ > remain the same as (156), that is
#(k),9" (s)] -%ld( k= 9,[8( B, A ¥=0,
AWK = Sogdk s
[#(K).@(9] = 0=[P"(K,$ (3],
[A(R, A(S] = O=[A(B, ACH, (150)
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k, sOE® il 01,3

for all and
Now, concerning the Hamiltonian operators (177)
and (179), the following Heisenberg evolution
equations

i 7 (int a +. i 7 (int +
=R ), a"f_ = LIAm g

|
h (181)

with respect to the reference frame K and the
Heisenberg evolution equations

[Hy Al

- i
H, , @, L
[H,, 4] - 182)

Q)|OJ
™
Sk

QU
f-"z|)>z

with respect to the reference frame Kf hold.
Being further interested in the evolution
equations (173), suitably rewritten in the

transformed Fock space ® with respect to the

common temporal parameter tUR, we need to
take into account [116] that the following
functional relationships

YO =¢E 0 ke AQ=ATT) g (183)

hold. In particular, from (183) the following
evolution expressions
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opmy/ot = owE.t)/ot . +ow @ f)/ot |,

oAt /ot = OA(T,T)/0T |, +OA(T,T)/0T}

=f=t =f=t

(184)

hold for all tHR. The latter will be useful when
deriving the resulting quantum Maxwell
electromagnetic equations.

Before doing this, we need to take into account
that the weak operator Lorenz constraints (160),

rewritten in the transformed Fock space ®
compatible with the evolution equations (182):

[éo( K), |:Ib] =0= [(:)'( K, |:|o];

yet they fail to be compatible with the evolution
equations (181), that is

s

(185)

[éo(k), Hgint)] 20 #[ ég( R, Hgint)]'

This means that we can not impose on the

transformed Fock pace ® the constraints

GNP : =i(<k AK>-|k|p (k)P0

CI(KD : =-i(<k A(K>-]Kk|p" (K)XP# 0
(186)

3
invariantly for all kOE". Notwithstanding, it is easy to check that the following slightly perturbed

operators
Gk - & (K ifexp(-ic |k [£)
(k) G (k) + 21k | @17"
E'(k) : = ég(k)_ifexpdc K [t)

2|k | (2r)"

[sexpti<k,y>p (yw (y)dy,

[sexpli<k,y>Wp" (yw (v)d vy,

(187)

are commuting both to each other and with the Hamiltonian operators (177) and (179):

[C(K, &3] = 0=[C(h, C}¥
[C(K, H{™] = 0=[C"(R, H™],

[C(K, H] = 0=[C'(K, H]

(188)



3
for all k, sUE". Thus, the related evolution
flows (181) and (182) in the transformed Fock

space ® should be considered under the
modified constraints

C(kP =0=C" (k) (189)

3
for all KUE". Taking into account the exact
expressions (187), the constraints (189) can be
equivalently rewritten as

=0, (190)

where for all XUR and the corresponding

tOR

temporal parameters t and

S HB :=(2T1)3,2j23d3ké( Rexp(i<k, x>= i| K[t}

1 . . .
+ij3d3kc (WexpEi<k x>+i|k[t)=

109 ¢

—<[| A>+ 3
cot 2m'w

d*yo(c(t-1),lx vyl (W (Y
(191)

in which we put, by definition, the relativistic
generalized function

X ylt-1)-9( x ytdt-1)

At | x=yI): 21y

(192)

dual to the well known generalized solution [123]
[124]

Kx-yf-E(i- t)z)_O"(Ix yl+t-1)+3(x yF =)
2|x-y|

to the relativistic wave equation.

Remark 5. It is here worthy to mention that the
above defined operator C1):® - &,
depending parametrically on the bosonic
temporal parameter tUR, satisfies  the
relativistic wave equation

19°

—2 —~ -AC= 0,

£? (193)
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that can be easily checked, by making use of
the wave equations (167) rewritten in the Fock
space:

=0.

(194)

Moreover, as can be shown by means of direct
calculations, the transformed bosonic
Hamiltonian operator (179) on the Fock space

® reduced via the modified Lorenz type
constraints (190) persists to be, as before, non-
negative definite.

Now we can proceed to derive the quantum
Maxwell equations starting from the operator
equations (194) and the electromagnetic fields
definitions (158) and (159) suitably transformed

to the Fock space ®.

(0%8-2 %6 = £ 0 *yore(t-1.1- yiw* (o (b
(195)
and
<DE>6 ==L 2 ¢yo(dt-1.x yip (W (.
ot

(196)

which are considered in the weak operator
sense. Taking now into account the relationships
(182) and (184), one can obtain strong operator
relationships for the electrical and magnetic fields

E = laA

cat

D¢=—16—A—D¢ B=0OxA
c ot

(197)

with respect to the common reference frame K
Similarly one can easily calculate the weak
operator relationship

10
¢ + <1, A >)CD 0,
ot (198)
which holds for the common temporal parameter

toR. Now we will calculate the weak
Maxwell type operator relationships (195) and
(196) with respect to the common reference

frame K‘ :
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. 10E . . .
(xB-295) |, & = 0] &*YO(oE- .l X Y™ (W (D) & =0
T (199)
and
~ ~ 6 ~ + e + A
<OE>®=-S L] O(At-Dle Y (W (D @ =" 9
JT Ot °R (200)
where we used the known [121] [124] 0 . .
generalized function relationship — @y w)+<0,éy ay >=0,
ot (206)
12 O(cs| z|) L., =— 2D (2) in which the quantity
cos (201) o
pP=SY Y (207)

zOR®

for all - To calculate further the
expression (199), we need to make use of the
strong operator relationships (184) and find that

0E 0E J=&Y" cay (208)

is interpreted as the operator charge density and
the quantity

af |t ==t E 7k-t-t e [H(Im) E]_ +€(‘// ay.
(202) s naturally interpreted as the operator current
. ity i R®.
Thus, from (202) and (199) one can obtain that density in the space Whence the weak

operator equations (204) can be rewritten, taking

into account the definitions (207) and (208), in

(Ox B_la_E)qg &yt a'l//CD the weak form of the standard Maxwell

(203) equations:

= 10E. . J. ~ ~

with respect to the common reference frame K. (O B___) _;q) <0,E>®=pd

The combined together weak operator
relationships (200) and (203)

(209)

under the Fock space ® constraint (198).

. 10E Moreover, based on the weak operator Maxwell
(Ox B———)(D &Yt ayd, <O,E>D =&Y* ¢  equations (209) and the Lorenz constraint (198),
(204) one can derive easily the following weak operator

linear wave equations

()]

in the Fock space reduced by the weak (i 02¢ —A¢) pcD (1 9 A—AA)CTD :gcb

constraint (198) jointly with the evident strong c? ot? c? at?
operator relationships (210)
10B with respect to the common laboratory reference
OxE+=—=0,0xB=0 K,
c ot (205) frame ' allowing to calculate the causal

: wum bosonic botential (@A) D~ °
compile the complete system of the quantum duantum bosonic potentials
Maxwell equations with respect to the common induced by the charged fermionic field in the

analytical form:
reference frame IC‘ &

, 3 ;
From the Heisenberg evolution equations (181) g I SM, A‘( :—1I SM)I,
one easily obtains the strong operator charge 4= |x-y| G P

conservative flow relationship (211)
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where the ‘"retarded"

t:=t-|x-y[/cUR, making the equations
(210) exactly satisfied modulo the solutions to
their uniform forms. Moreover, owing to (206),
the expressions (211) satisfy exactly the strong
operator Lorenz constraint

temporal parameter

l%+ < |:|, A{ >=0
c ot
(212)

with respect to the laboratory reference frame

K.

From the analysis of the quantum charged
particle fermionic field model, interacting with the
self-generated quantum bosonic electromagnetic
field, one can infer the following important
consequences:

e The physical effective evolution of the
fermionic-bosonic system with respect to

the common reference frame K is
governed by the reduced fermionic
Hamiltonian operator (177), acting on the

canonically transformed Fock space ®,
reduced by means of the weak Lorenz type
operator constraint (198);

The compatibility of evolutions of the
guantum fermionic and bosonic fields with
respect to the common temporal reference

frame ]Cf entails the reciprocal influence of
the fermionic field on the bosonic one and
vice versa, being clearly demonstrated
both by the weak field potentials operator
equations (210) and the Lorentz type weak

|:|]Eim) :IR3d3)¢+ <w,} >[/j+IR3dS )(flﬂﬁﬂ@‘f‘/fr <a, N,Q\ >y ),

S
within which the operators (P A):® - @
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constraint (198) imposed on the Fock
space P,

Subject to the basic self-interacting
fermionic-bosonic system described by the
joint Hamiltonian operator (172) in the

transformed Fock space ®, one can claim
that the bosonic electromagnetic impact
into the quantum charged particle
dynamics is decisive, as owing to it the
fermionic system can realize its charge
interaction property through the physical
vacuum deformation, caused by the
related deformation of the weak Lorenz
type operator constraint (190), and
resulting in the weak operator potential
equations (211).

The consequences formulated above subject to
the quantum fermionic-bosonic self-interacting
phenomenon, as it was shown in [125], appeared
to be very important from a classical point of
view, especially for physical understanding the
inertial properties of a charged particle under
action of the self-generated electromagnetic field.

6. CLASSICAL REDUCTION OF THE
QUANTUM CHARGED  PARTICLE
AND  ELECTROMAGNETIC  FIELD
EVOLUTIONS

Let's consider the vector position operator

S A 3
X:® - @ ang its weak evolution in the

reduced Fock space D with respect to the
complete and suitably renormalized charged
particle Hamiltonian operator (177). Taking into
account that the Hamiltonian operator
7 (int) . & i
HT @~ @ can be represented as

(213)

are given by the nonlocal integral expressions (211)

~ _h
p b . . P==0

and ©x° is the locally defined charged particle momentum operator '

o 13
canonically conjugated [71] to the position operator X ® - P that is
PN /|
[Py, X=—d(x=y

' (214)
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x, yOR?

for any " This also, in particular, means

o, ~ =3
that the position operator X: R N priori
given in the diagonal representation: Xf = xf
for any vector fOe.

As a result of a simple calculation one finds the
expression

dx/ dt=¢* ey, (215)

which can be used for obtaining the classical

3
charged particle ¢ velocity u(t, ) 0 T(R") as

u(t, ) = (Q, dx/ d) = (Q ¢~ @YRQ), 544,

where the vector QU is the ground state of
the Hamiltonian operator (213) acting in the
Lorenz type reduced and suitably renormalized

[71] [88] [121] [123] Fock space ®. Substituting
(215) and (207) into the Hamiltonian expression
(213) one obtains the expression

~ int I l -
HI™ = [sd'x< o dt >+, d Aop —2 174>,
(217)

whose classical counterpart looks as

. 1. -
H(Int) - d3X(p¢ —<—.J, >),
f IR?’ “ e & (218)

within which there was taken into account the
previously assumed quantum massless charged

particle ¢ fermionic field. The expression (218)
jointly with the renormalized bosonic field
Hamiltonian (162) gives rise to the complete
classical Hamiltonian function

7 (in 1, = o 1 y
HI = [ @ XS EF +1BF)+ pp - < 3,3 2]

(219)

governing the temporal evolution both of the

charged particle ¢ and of the electromagnetic
fields with respect to the laboratory reference

frame K. The obtained Hamiltonian function
and its corresponding Lagrangian form (166)
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have been effectively used before in [125] for
describing the classical self-interacting charged
particle dynamics and its inertial properties.

Being experienced with the analysis of a self-
interacting charged quantum particle fermionic
field with the self-generated quantum bosonic
electromagnetic field, we understand well that
the influence of the electromagnetic field on the
charged particle should be considered as crucial,
strongly modifying the related fermionic
Hamiltonian operator, describing the charged
particle dynamics. As the simultaneously
modified bosonic electromagnetic operator
depends, owing to the self-interaction, on the
charge and current particle field densities, the
joint impact on the charged particle dynamics
can be effectively classically modeled by means
of its inertial mass parameter. In the quantum
operator case the physical charged particle mass

m,, OR .
parameter PP * can be naturally defined by
means of the least quantum renormalized

Hamiltonian (172) eigenvalue

=c¢? inf (F, AT, A = B+ [

oo, |If |I=1

My,

(220)

in the suitably transformed Fock space ® and
reduced by means of the operator Lorenz type
constraint (198) with respect to the common

reference frame K:t As the quantum spectral
problem (220) is very complicated, new tools are
needed to be developed for its successful
analysis.

7. CLASSICAL SELF-INTERACTING
CHARGED PARTICLE DYNAMICS AND
ITS INERTIAL PROPERTIES

The quantum operator Hamiltonian approach of
Section 4. makes it possible to treat analytically
the charged particle self-interaction mechanism,
which can be described by means of the
following two steps. The first one consists in
producing the charged particle dynamics
governed by the gauge type component of the
charged particle Hamiltonian operator (177), and
the second one - consists in modifying this
dynamics by means of the self-generated
electromagnetic field, whose influence is
governed by the bosonic Hamiltonian (179),
perturbed by the dependence of the
electromagnetic field potentials on the related



charge and current densities through the
differential relationships (210). This mechanism
can be classically realized analytically by means
of the alternative and already before mentioned
Lagrangian least action formalism, following the
well known slightly modified [5] Landau-Lifschitz
scheme. Namely, the Lagrangian function for the

classical charged patrticle ¢ interacting with the
self-generated electromagnetic field, is easily
derived from the corresponding Hamiltonian
function (219), giving rise to the classical
Lagrangian expressions (166) in the following
slightly extended form:

s 1 -
Ly = IR3d3X(<E J, A>-pg)+

1 10A 10A
+= | A< 0@ +=—,0f+=—>~-
2-[R3 (<D c ot / c dt
-<0OxA0Ox A>)- <k, dx/ dt>, (221)
—— 3
where vector k:=k(t,Y0OE models the

related radiation reaction momentum, caused by

the accelerated charged particle ¢ with respect

to the laboratory reference frame K. as well as
assuming that the classical Lorenz type
constraint (198) is satisfied a priori. Here we
need to mention that the first part of the
Lagrangian (221) is responsible for the internal
gauge type charged particle self-interaction and
the second one is responsible for the external
charged particle self-interaction induced by the
suitably  perturbed  electromagnetic field,
depending on the particle charge and current
densities. The physical difference between these
two phenomena proves to be especially
important for calculation of an effective
Lagrangian function for the related dynamical
properties of the self-interacting charged particle.

Before proceeding further we need to make an
important comment concerning the least action
properties of the classical relativistic self-
interacting Lagrangian (221). Namely, taking into
account a deep quantum vacuum origin [121] of
the electromagnetic field and its effective
measuring only with respect to the common

laboratory reference frame K‘ we can state that
the related Maxwell equations should be
naturally derived from the following least action
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oS, =0,

principle: the variation
definition, the action functional

where by

. t -
SO =1L, dt
f b J“l (f-b) (222)

is calculated with respect to the laboratory
reference frame ]Cf on a fixed temporal interval

[t OR. Yet, as it is easy to check, the
above action functional (222) fails to derive the
corresponding Lorentz type dynamical equations

for the self-interacting charged patrticle <) if to
take into account that the related charged
particle is considered to be pointwise, located at

3
point X()UE for tUR and endowed with the
J=pdx(f/ dtOE*

— 3
the charge density P~ ¢o(x—x(1)), xUE".
This, evidently, means that the action functional
(222) should be suitably modified with respect to
the [1] [51] Feynman proper time reference
frame paradigm, owing to which the action
functional for the charged particle dynamics has
a physical sense if and only if it is considered
with respect to the proper time reference frame

current density vector

IC:
&) . (L2p 3 e
St = _L LW (1] xf 1¢)d
1 (223)
on a fixed temporal interval [Tl’ TZ] UR, where
we took into account, that

dt:=/(1+ | %} /)ar and, by definition, the

velocity X:= AX/ O with respect to the proper
temporal parameter TUR. Then from the least
a(1) =
condition 054 =0
temporal interval [7, .]OR

the well known classical
equation

action on the fixed

one easily obtains
Lorentz dynamical

d - -
—(MU=¢E+{wx B
dt (224)
written with respect to the laboratory reference

frame K‘ When deriving (224) we defined the
m:=-@/c.

inertial mass by The reasonings
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presented above will be in part employed below phenomena in detail, we will consider below a
when analyzing a suitably reduced Lagrangian so-called shell model particle, whose charge is
function (221). uniformly distributed on a sphere of a very small

yet fixed radius. Then, following the similar
For the self-interacting charged particle to be calculations from [5], one can obtain from (221)
physically specified by the mentioned above that

5 1 1 oA
Ly == Idx(¢<D E>+= <A,—>—E<A,J+E>)—

"o dt-[de X< A E>+J' d3x(<— J A>-pp)-

1- = A B —
_E!ITQ-[SE<¢E+ AxB,dS >-< k dx db=

s 1. - 1 -
"l @I R0 o (g (AT 3 AP0

1 d
d x< A E>-< k dx dt>=
20 dt e’ A k

d3x(<§a, A> - pp)+ 2

1 .-~
ZIQ_(f)DQ+(f)OG)(<E J, A>-p@)-

1
=3k©

L0 k< AE>-<k d¥ di>,
C2cdt® (225)

where we took into account that |im_°<,J.Sz < ¢I§+ AX B, d§ >= 0, meaning vanishing of radiated

r
energy. Also we denoted by Q_(&):= supp&. O S? and by Q, (&) := supp&, O S? the charge &
supports, located on the electromagnetic field shadowed rear and electromagmetic field excited
front sides  of the charged particle spherical shell Q(&):=Q_(&) 0 Q, (), respectively (see Fig

1.), subject to its motion with respect to the laboratory reference frame K. The expression (225)
demonstrates explicitly that during the charged particle motion the self-generated electromagnetic

field interacts effectively only with its frontal part Q. (&) 0 S? of

Fig. 1. The courtesy picture from [31]
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) ] §2 symmetry. To proceed further we need to
the particle spherical shell = * as the rear part cajculate the  electromagnetic  potentials

2 ~
Q()US of the particle shell enters during its (¢, A): M * L RxE?®

L > i ' using the determining
motion into the shadowed interior region of the

= 3 expressions (211) as 1l/c - O:
sphere, where the net electric field E UE” is

vanishing owing to the charged particle spherical

F p(t £Y),

9 ot.y)
7=y |-y

=lim
TIx=yll =t-Jx-yl/c il

||rln2 J A%y x=y|o’p(t-€,y) /0 E+

I|m6 [ 0°yIx=yFop(t-¢,y) ot Q1/ ¢)=

a2ty 1 s i
-[ (5) |x v E,[Q+(g)d yl x= ylo*o(t y/o t+

1
=, o YIx- yPap(L ot 0l ),
(226)

A:EJ g J(t y) o1 ¢ J(t-¢€,y)

m—
| Xx= yl '=t—|x—y}/c £10 COF° | x=y|

1o
—|m§jR3d Yo J(t-€, y)/dt+

- 1 3 _ 2 _ _
+|im§jR3d y| x= y|02 I(t-¢, y) /o t+ QLI é) =

1 ey 1p
@y el @f ey

1 N
+2_c3jn+(<‘)d yIx=y|0d(t, y) [0 €+ O(1/ &),

m_,(..)

shell model of the charged particle ¢ and its corresponding self-interaction during its motion. Now, as

i . : . .
where the limit was treated physically, that is taking into account the assumed spherical

41



Prykarpatski; PSIJ, 12(2): 1-51, 2016; Article no.PSIJ.28935

a result of calculations based on the electromagnetic potentials (226), the effective expression for the

classical Lagrangian (225) can be equivalently rewritten up to

laboratory reference frame K as

E(T) - ges
(f-b) 2 2

O(1/c)

accuracy with respect to the

(227)

Where we have made use of the following integral expressions:

Jo.@n0. ™o 0. () €L PO Y=,

1 3
2o @00 @00
Jo. @™ 8), g

Ja @89, (5

d®y

t; 1
jp( y) _
ly=x|

pt.yPtY)._ ¢
Ix-yl

_Xl _2 es’

_Ses’
2

£

Ja @™t 8 [ ™Yy,

p(t;y)|< y— X u>

f>:==2 |u

= uf,

y— X]|

@2 Ly) S y=xu>p & = uf,

Jo.o@ 0, (5 Ix-yl

obtained owing to reasonings similar to those in
[2] [126]. Now, to derive from the reduced
Lagrangian function (227) the corresponding
dynamic equation for the charged shell model

particle ¢ we need the Feynman proper time
paradigm to transform this Lagrangian with
respect to the charged particle proper time

reference frame ]C’ '

ﬁEf ) _’E(f b)_mes|x|2_<k X >,
(229)
where we denoted by

42

y= x| (228)

the so-called relativistic rest mass of the charged
particle with respect to the proper time reference

frame K, and by

mes = ges/ C2 (231)

the so-called charged particle electromagnetic
mass with respect to the laboratory reference

frame KT Based on the Lagrangian function

2
(229) one can construct up to Oo(1/c) the
generalized charged particle inertial momentum
T =m,u- Kk (232)



71, = 0L, 10x = mu- k, (233)

Satisfying, with respect to the proper time

K . .
reference frame "7, the evolution equation

d7z, 1 dr =0L7., /9x=0, (234)

which is equivalent to the Lorentz type equation

F

d(m.u)/ dt= dK )/ dt= F (235)

with respect to the laboratory reference frame

IQ, where the right hand side of (235) means,
by definition, the corresponding radiation reaction

force F. Having applied to the Lagrangian
function (229) the standard Legendre
transformation, one finds the quasi-classical
conserved Hamiltonian function

O e v A M
HiZy =< 71, X > ‘Cgf—b)_ >

luf ,, 1
H+=|uf &)
5 ( ZIT ).
(236)
Satisfying, with

respect to the laboratory

reference frame K‘ , the condition

(t) =
dH;Z, / dt=0 for all tUR. Yet, the most

interesting and important consequence from
(236) and the dynamic equation (235), consists

F
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in  coinciding the

mUR, :

electromagnetic  mass

parameter

m m

phys = es

(237)

defined by (231), with the naturally related and

. N m, OR,,
physically observed inertial mass = PMWs *

as it was conceived by H. Lorentz and M.
Abraham more than one hundred years ago.

8. THE RADIATION REACTION FORCE
ANALYSIS

To calculate the radiation reaction force (235)
one can make use of the classical Lorentz type
force expression (224) and obtain in the case of
the charged particle shell model, similarly to [2],

4
[126],[127], up to Oo(1/c) accuracy, the
resulting self-interacting Abraham-Lorentz type
force expression with respect to the laboratory

reference frame K Owing to the zero net force
condition, we have that

d7r, [ dt+ E =0, 229

. Jr, :=m_ U,
where, by definition, "°F Ph™ the Lorentz

force can be rewritten in the following form:

_ 1 3 d 4 _
= o jQ_(g)d xo(t, 9 A%

1 ; d o, o
“ackh, a0 g AL

(239)

_% [ (Xt Y0Pt ) (4 [u/ cf )-

‘%fm(f)m_(adsxp(t’ YOP(t ¥ (1= u/cf)

Based on calculations similar to those of [2] [126], from (239) and (226) one can obtain, within the

charged particle shell model, for small lu/ckl and slow enough acceleration that
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n+1

->L

Z .

—(-uie P, oo txd X0+

o O00 (PO, (@ A ID e

3 C[L Pt 0o

2
Nz, 2nlc™

an+1
n-1

o ©na. @Pt OO, (oY e S Tyl=

(240)

— Z (_1)n+ (1_ Iu /CF)UQ_(E)p(t'X)ds X(D-l-

+2
nz, 2nic’

o, (@00 (P OO, o %p( FY0] e

n+l

Z - 1)n+2 [J. ({),O(t X)d® X1+

Wz, 2nlc

n+

a n+l J(t y)

o @na. (P OE0l, (oo e S

The relationship above can be rewritten, owing to the charge continuity equation (206)-(208) and the
rotational symmetry property, giving rise to the radiation force differential-integral expression:

~ ( 1)n+1 5
Fs——[z ol @AW 900 (A8 X0

“ 6Nl
I YIS any- 3 (61),Cn'+“f>[j PG RS
+| PXNEXN [ oY o 10 Ity
0,($)0Q () 2,($) ot" (241)
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Taking into account the integral expressions

4
(228), one finds from (241) up to the O(1/¢c)
accuracy the final radiation reaction

expression
c

2 42
- S ma+ 2 S

force

d

2 2
__d +2£ d-u
dt

30 d)

S

26 du
3¢ dt
(242)

__d( U
3c df dt s

holds. We mention here that following the
reasonings from [7] [31] [35] [105] [106], in the
expressions above there is taken into account an

3
additional hidden and velocity utT(R")
directed electrostatic Coulomb surface self-force,
acting only on the front half part of the spherical
electron shell. As a result, from (238), (239) and

the relationship (232) one obtains that the
generalized charged particle momentum

. 2&% du

T = -————=m_u k

P e 3¢ dt Mes (243)
thereby defining both the radiation reaction
2&7% du(t

momentum 3¢ dt for al tUR and

the corresponding radiation reaction force

g - du

1T aA3 2

3c” dt (244)
which coincides exactly with the classical
Abraham-Lorentz--Dirac expression. From (243)
it follows that the observable physical charged
particle shell model inertial mass

mph = ”Ls = ges/ C'Z (245)

is of the electromagnetic origin, coinciding
exactly with the result (237) obtained above.

Moreover, (243) ensues the final force
expression
d 2&%? d®u
— (M) ==——+ O/ ¢).
a5 gtV

The latter means, in particular, that the real

. . . m
physically observed " inertial" mass = P" of the
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charged shell model particle ¢ is strongly
determined by its electromagnetic self-interaction

es

energy with respect to the laboratory

reference frame K‘ A similar statement was
recently discussed in [31] [35], based on the
vacuum Casimir effect type considerations.
Moreover, the assumed boundedness of the

electrostatic self-energy ¢ appears to be

completely equivalent both to the presence of the
so-called intrinsic Poincaré type "tensions",
analyzed in [7] [31] [118], and to the existence of
a special compensating Coulomb "pressure",
suggested in [35], guaranteeing the assumed
electron stability in the works of H. Lorentz and
M. Abraham.

9. SUPPLEMENT: THE "MINIMUM"
INTERACTION PRINCIPLE AND ITS
GEOMETRIC BACKGROUNDS

In this Section we will sketch analytical
backgrounds of the "minimum" interaction
principle widely used in modern theoretical and
mathematical physics. For description of a
moving point charged particle under an external
electromagnetic field, we will make use of the

geometric approach [64]. Namely, let a

trivial fiber bundle structure T

. 3 —_ 3

Mo RLM=R™G i the  abelian
G:=R\{0},

structure group equivariantly act
on the canonically symplectic coadjoint space

O
T-(M). The latter possesses the canonical
symplectic structure

(p.zxd =dp)a?(x 9=< dpd dw+
+ <dzOg'dg>, + < zdg',O dop,

(247)
for all (p.zZx gU TD(M)’ where

a®(x,g):=< p,dx>+ < z ¢ dg>,0 T(M)
THM)

is the corresponding Liouville form on

3
and <. P is the usual scalar product in .

On the fibered space M one can define a
connection I by means of an one-form

. 0
AM T (M)Xg’ determined as

A 9):= g1 <EAR, b g G di



O 3
h $0G (X QUR xG. 0 corresponding
@ 2/ 3
2ONR)O G

wit

curvature 2-form

£9(00:= dA(x 9+ A(x QUA(x 9=, (¥ b

ij=1

(249)
where
0A
F, (%) :=—.‘—a—A.
i j
X ox (250)
for hj=1,3 is the spatial electromagnetic

tensor with respect to the reference frame K.

)
For an element ¢ig to be compatibly fixed,
we need to construct the related momentum

.70 0
LT (M) -G with respect to the

T(M)

mapping
canonical symplectic structure (247) on
and put, by definition, I(x, p):= EDQD to be
constant, Fe = OO0 T (M)
G, ={g0G AdH

and

to be the corresponding

O
isotropy group of the element ¢hg. Next we
can apply the standard [47] [64] [96] invariant
Marsden-Weinstein-Meyer reduction scheme to

P.:=P
the orbit factor space ¢~ ¢ IG subject to

the corresponding group G action. Then, as a
result of the Marsden-Weinstein-Meyer

~

reduction, one finds that G" =G, the factor-

P ~TY(R®

space ¢ (R becomes Poisson space
with the suitably reduced symplectic structure
(T)f) OTY( P).

The corresponding Poisson

P
brackets on the reduced manifold ¢ equal to

{X,x}, =0{p %= g

{p. p}, = {R(X (251)

for 11 = 13 being considered with respect to

the laboratory reference frame K. Based on
(251) one can observe that a new so called
"shifted” momentum variable
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7= p+EAY

(252)

o |

on gives rise to the symplectomorphic
P _ P =<dir Odx>

transformation ¢ wé =<d7,0d U

2 O 3
A (TH(R7)). The latter gives rise to the
following "minimal interaction" canonical Poisson
brackets important in theoretical physics:

{Xiv Xj} wgz)zov{ ﬁp )§ (DC((Z): d]{ T ﬁ} wcng 0
(253)

for 1] = 13 represented with respect to some

new reference frame t characterized by the

( x 0P,

new evolution parameter t UR, as the spatial
Maxwell field compatibility equations

phase space coordinates and a

OF, /9% +0F, /9% +0F, /9% =0

(254)
are identically satisfied on R® for all
hik=13 owing to the electromagnetic

curvature tensor (250) definition.

10. CONCLUSION

The electromagnetic mass origin problem was
reanalyzed in details within the Feynman proper
time paradigm and related vacuum field theory
approach by means of the fundamental least
action principle and the Lagrangian and
Hamiltonian formalisms. The resulting electron
inertia appeared to coincide in part, in the quasi-
relativistic limit, with the momentum expression
obtained more than one hundred years ago by
M. Abraham and H. Lorentz [53] [54] [55] [64],
yet it proved to contain an additional hidden
impact owing to the imposed electron stability
constraint, which was taken into account in the
original action functional as some preliminarily
undetermined constant component. As it was
demonstrated in [31] [35], this stability constraint
can be successfully realized within the charged
shell model of electron at rest, if to take into
account the existing ambient electromagnetic
"dark" energy fluctuations, whose inward directed
spatial pressure on the electron shell is
compensated by the related outward directed
electrostatic Coulomb spatial pressure as the



electron shell radius satisfies some limiting
compatibility condition. The latter also allows to
compensate simultaneously the corresponding
electromagnetic energy fluctuations deficit inside
the electron shell, thereby forbidding the external
energy to flow into the electron. Contrary to the
lack of energy flow inside the electron shell,
during the electron movement the corresponding
internal momentum flow is not vanishing owing to
the nonvanishing hidden electron momentum
flow caused by the surface pressure flow and
compensated by the suitably generated surface
electric current flow. As it was shown, this
backward directed hidden momentum flow
makes it possible to justify the corresponding
self-interaction electron mass expression and to
state, within the electron shell model, the fully
electromagnetic electron mass origin, as it has
been conceived by H. Lorentz and M. Abraham
and strongly supported by R. Feynman in his
Lectures [1]. This consequence is also
independently supported by means of the least
action approach, based on the Feynman proper
time paradigm and the suitably calculated
regularized retarded electric potential impact into
the charged particle Lagrangian function.

The charged particle radiation problem, revisited
in this Section, allowed to conceive the
explanation of the charged particle mass as that
of a compact and stable object which should be
exerted by a vacuum field self-interaction energy.
The latter can be satisfied by imposing on the
intrinsic charged particle structure [30] some
nontrivial geometrical constraints. Moreover, as
follows from the physically observed particle
mass expressions (245), the electrostatic
potential energy being of the self-interaction
origin, contributes in the inertial mass as its main
relativistic mass component.

There exist different relativistic generalizations of
the force expression (246), which suffer the
common physical inconsistency related to the no
radiation effect of a charged particle in uniform
motion.

Another deeply related problem to the radiation
reaction force analyzed above is the search for
an explanation to the Wheeler and Feynman
reaction radiation mechanism, called the
absorption radiation theory, strongly based on
the Mach type interaction of a charged particle
with the ambient vacuum electromagnetic
medium. Concerning this problem, one can also
observe some of its relationships with the one
devised here within the vacuum field theory
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approach, but this question needs a more
detailed and extended analysis.
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