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Abstract

We have studied an SEIR mathematical model, and applied it to malaria transmission. We discussed the
existence and stability of the Disease-Free (DFE) and Endemic Equilibria (EE) of both models. The
(DFE) was locally asymptotically stable if the reproduction number is less than one and unstable if the
reproduction number is greater than one for SEIR and malaria transmission model. Numerical simulations
using Matlab Software were conducted to confirm our analytic results. Our findings were that, Malaria
may be controlled by reducing the contact rate between human and mosquito, reducing the infection rate
between the human, the use of active malaria drugs, insecticides and mosquito treated nets can also help
to reduce mosquitoes population and malaria transmission respectively.

Keywords: Mathematical model; reproduction number; disease-free equilibrium; endemic equilibrium;
stability.
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1 Introduction

Mosquito-borne diseases, including malaria, transmitted to humans by mosquitoes, are big concerns in
public health. Malaria is the fifth cause of death from infectious diseases worldwide (after respiratory
infections, HIV/AIDS, diarrheal diseases, and tuberculosis), and the second leading cause of death from
infectious diseases in Africa, after HIV/AIDS [1,2,3]. The first evidence of existence of malaria has been
obtained from mosquitoes preserved in amber, dated back to about 30 million years ago [4]. Even though the
disease has been investigated for hundreds of years it still remains a major public health problem with 91
countries. The global record of malaria in 2015 was 212 million new cases and 429000 deaths. Across
Africa, millions of people still lack access to the tools they need to prevent and treat the disease [5]. No
vaccines are available and an effective way to prevent malaria is to control mosquitoes [6]. Malaria has for
many years been considered as a global issue, and many epidemiologists and other scientists invest their
effort in learning the dynamics of malaria and to control its transmission. From interactions with those
scientists, mathematicians have developed a significant and effective tool, namely mathematical models of
malaria, giving an insight into the interaction between the host and vector population, the dynamics of
malaria, how to control malaria transmission, and eventually how to eradicate it[7]. A lot of work has been
done on the epidemiological models and malaria transmission that are related to this article include that of:
Ngwa and Shu [8]. They developed and analyzed an SEIRS model to study the dynamics and transmission
of malaria, involving variable human and mosquito populations. According to their results, there is a
threshold parameter R, and the disease can persist if and only if Ry > 1 and the (DFE) always exists and is
locally stable if Ry < 1, and unstable if Ry > 1. Their model was also globally stable when Ry < 1. They
confirmed their results with numerical simulations. Their model provides a frame work for studying control
strategies for the containment of malaria. Malaria model which is relevant to this work is the work of another
Olaniyi and Obabiyi [9]. They used a system of seven-dimensional ODE’S to model the transmission of
Plasmodium falciparum malaria between humans and mosquitoes with non-linear forces of infection in form
of saturated incidence rates, these incidence rates produce antibodies in response to the presence of parasite
causing malaria in both human and mosquito populations. They investigate the stability analysis of (DFE)
and according to their results, (DFE) is asymptotically stable when Ry < 1, and unstable when Ry>1. They
also determined the existence of the unique (EE) under certain conditions, and their numerical simulation
confirms the analytical result. Furthermore, Jia Li [10] developed an SEIR malaria model with stage-
structured mosquitoes. They included metamorphic stages in the mosquito population and a simple stage
mosquito population is introduced, were the mosquito population is divided into two classes namely, the
aquatic stage in one class and all adults in the other class. According to their results the different dynamical
behaviour of the models in their study, compared to other the bahaviour of most classical epidemiological
models, and the possible occurrence of backward bifurcation make control of malaria more difficult.
Moreover, Altaf Khan et al. [11] formulate an SEIR model with non-linear saturated incidence rate and
temporary immunity, they divided the total into four subclasses susceptible, exposed, infected and recovered.
They assumed that the total population is constant, and the new born babies are susceptible with no
migration, they investigate the stability of disease- free and endemic equilibria. Their results shows that
when Ry < 1 the DFE is stable locally as well as globally and EE is stable locally as well as globally when
Ry > 1.and their theoretical results was justified by the numerical simulation. Shah and Gupta [12] Modeled
the basic SEIR model and applied it to vector borne disease (malaria). They carried out the sensitivity
analysis of the model using data from India. According to their results, the sensitivity analysis was very
important, and it is the most sensitive aspect to be taken care of in their model.

In this paper, we use SEIR model based on Olaniyi and Obabiyi [9] and Shah and Gupta [12], and apply it to
malaria transmission between mosquitoes and humans. We assume that recovered human individuals can
enter into the susceptible class again, mosquitoes never enter the recovered class and the newborn’s birth
with infection can enter [ compartment. We determine the stability analysis of the disease — free and endemic
equilibria. The rest of the paper is organized as follows: In section 2, we present the SEIR model description
and derived the basic reproduction number. Model analysis consisting of the stability analysis of disease-free
and endemic equilibria is discussed in section 3. In section 4 we apply the SEIR model to malaria
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transmission. We use numerical simulation to show the dynamical behaviour of our results in section 5.
Section 6 is made up of discussion of our results. We ended the paper with a conclusion in section 7.

2 Mathematical Model

2.1 Model description and basic reproduction number

The Population of our model is divided into four compartments: Susceptible Humans (t) .

Exposed Humans E (t), Infectious Humans I(t) and Removed Humans R(t). The interaction between the
four compartments is shown in the schematic diagram in Fig. 1, below:

p
N 5‘(;5) B, E(t) 2, I(t)owaz » R(1)
I |

u u u 8 u

Fig. 1. Schematic diagram of malaria transmission
2.2 Model assumptions
The following assumptions were made in the model:

(i) The number of infected people increases at a rate proportional to both the number of infectious and
the number of susceptible.

(i) Humans moves from Exposed to Infectious compartments with progression rate o,

(iii) The rate of removal of infectious to recovered compartment is proportional to the number of
infectious Only.

(iv) A human can die at any stage by natural causes.

(v) Newborn’s birth with infection can enter I compartment with rate.

(vi) Recovered humans can enter S compartment at rate p.

The model is given by the system of ODE’s as:

& = A—pSI—uS+pR

& = BSI = (@ +WE

4 @2.1)
EzalE—(a2+u+6)I+¢I

dR

= %l = (u+p)R

with the initial conditions S(0) = S,, E(0) = E,,1(0) = I, and R(0) = R,,.

where, A is the recruitment rate of the population, B effective infection rate, pis the natural death rate, J is
the disease induced death rate, a,is developing rate of exposed (humans) becoming infectious and a,is the
recovered rate of humans. y is the Newborn’s birth rate entered I compartment.
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Table 1. Parameters description of SEIR model

Parameter Parameter description

A Input flow of the susceptible

B Infection rate (effective infection rate)

a, Developing rate of exposed (humans)

a, Recover rate of humans

U Natural death rate

S induce death rate

P Newborn’s birth rate entered compartment I

We also consider the following equations:
N(@) =S(@)+E®) +1(t)+R()
Then the derivative of N (t) with respect to t is given by:
AN _ds  dE | di | dr

dt dt dt dt dt

S = A—uN —ayl — (5 p)I
dN
E < A — ,LlN

It follows that:

lim,_,.,, N(t) < %

Thus the feasible region of the system (2.1) is given by

A
I={S,E,LR:S+E+I+R S;,S> 0,E>=0,l=0,R =0}

(2.2)

(2.3)

Is positively invariant. Next, we discuss the basic reproduction number of the system (2.1) by using the next
generation matrix process [13]. It is easy to see that the system (2.1) has the disease-free equilibrium

A
E, = (;, 0,0,0).
LetX = (S,E,1,R)T, then system (1) can be written as

X'=FX) - V(X).

Where:
BIS [ (a1 + WE
_|10 _ | E + (o + u+ 81-9i|
FX)=]¢ | And V(X)‘[ —A + BSI + puS — pR
0 —a,] + (u+p)R

The Jacobian matrices of F(X) and V (X) at the disease-free equilibrium, E,, are respectively
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o B 0] [Cay + 1) 0 0 0]
H | - (ay+u+8-v 0 0l
DF(Ey)=|0 0 0 0],DV(Ey) =| gA |
0 000 [ 0 " " P |
0 0 0 0 L o —a, ntpl
= [F
Let.T—[O ] And V = [J1 7
Where:
BA
1~"=[0 7] And v =[@t® 0
0 0 — (az +p+6)—-9¢

The reproduction number is given by the spectral radius of FV ™! that is

BA[ (air ) 0 ]
[t + (s + 1 +0)—9) (@ +u+0) -9l

a1 BA

wlar+p)(az+p+é—1) 24

Ry =

Theorem 1: The disease-free equilibrium E, (%,0, 0, 0) of the system (2.1) is asymptotically stable if
Ry < 1 and unstable if Ry > 1.

3 Model Analysis

3.1 Disease-free equilibrium

In this section, we investigate the local geometrical properties of the disease-free equilibrium E, =
(%, 0, 0,0) by considering the linearized system of ODE’s (2.1), by taking the Jacobian matrix and obtained

=Bl —u 0 —BS P
_ BI —(a; + 1) BS 0
JSELR) = 0 a, —Stut+ay)+y 0 G.D
0 0 a, _(l'l +p)

The local stability of the equilibrium may be determined from the Jacobian matrix (3.1). This implies that
the Jacobian matrix for the drinking-free equilibrium is given by

[- 0 g2 1
| fﬂ P
J(Eo) =I 0 —(az+p B 0 I (3.2)
[ o a - +pta)+y 0|
Lo 0 @ —u+p)l

To find the eginvalues of the matrix (3.2) use determinant
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A
—u—2 0 —ﬁ; p
A
JE)-a=| 0  —(a+w-2 B 0 =0 (33)
0 a, —+pu+ta)+y—2 0
0 0 a; —(u+p)—2

The eigenvalues are given by:

Clearly 4; = —pu, A, = —(u + p) are negatives and
AP+ad+a,=0 (34)
g =2uta;t+ta,+6 -y

a1PA
n

ay = a8+ ajp+ aa; + pd + PP +pa, — agy — py —

Using the Routh-Hurwitz criterion [14,15], it can be seen that all the eigenvalues of the characteristic
equation (3.4) have negative real part if and only if:

a, >0, a;a, >0 3.5
Theorem 2: E| is locally asymptotically stable if and only if inequalities (3.5) are satisfied.

3.2 Existence of endemic equilibrium

In this section, we consider a situation in which all the disease states coexist in the equilibrium. We denote
E* = (§%,E", I",R") as the endemic equilibrium of the system (2.1). We also obtain

§* = (a1 +p)(S+pt+az =) E* = (6+u+az—y)[as PAu+p)—p(utp) (ag +1) (S +ut+az—y)]
Bay ’ a1 B[(u+p) (a1 +w) (S+p+az—)—aazpl
* a1 BA(ut+p) —p(u+p) (@1 +1) (§+u+az =) and R* = 10z fA—pay(ay+p)(S+utar—yP)
Bllutp)(@1+w)(§+pt+az—p)—aiazp] Bl(u+p)(ay+w)(S+u+az—)-asazp]

from system of ODE’s (2.1) and linearized the same system to obtained:

—Bl—u 0 —BS —p
](S, E, I, R) — ﬁl _(al + M) ﬂS 0
0 ay —(6+pu+tay)+y 0
J(E) =
_[“1I?A(u+p)—u(u+p)(a1+u)(5+u+az—w)] _ 0 _[(a1+u)(6+u+az—¢)] —p
[ [(u+p)(a1+m)(S+utaz—Y)—ajazp] K ay }
a1 BA(u+p) —u(u+p) (@1 +4) (S +p+az =) (a1 +p)(S+putaz =)
- —_— 0
G @z @ rarar—w)-arazp) ] CRO a ] (3.6)
0 a, —(+u+ta)+y 0
0 0 a _(H + p)

We determine the local stability of the positive equilibrium E™, by using the following lemma.
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Lemma 2 [10, 13]: Let H be a 4 X 4 real matrix. If tr(H), det (H) and det (H'?!) are all negative, then all
the eigenvalues of H have negative real part.

Definition 1 [16] Let B be a real m X m matrix. The second additive compound matrix of B = (b;;) for
m = 4 is defined as

bi1 + by, b,3 bys —by3 —byy 0
bs, byy + b33 by, by, 0 —by4
b b+ b 0 b b
B2l = b, 43 11 44 12 13 37
—b3,; baq 0 bys + b33 by, —by, S
—byy 0 by, by3 bys + by b3
l 0 —byy b3, —by, bs, bss + b44J

Theorem 3: The positive equilibrium E™* of the system (2.1) is locally asymptotically stable if Ry, > 1.

Proof: construct a second additive compound matrix J12/(E*)of J(E*) and obtain

21(p*) — Jo N
jEEy = ! (38)
[—(BI" + 2u + @) BS* 0
Jo= a, —(BI' +2u+a, + 6 — ) 0
0 a, —BI"+2u+p
[Bs* 0 0 0 pI" 0
Ji=]0 0 p ] , ]z=[0 0 31*]
L0 0 —-pBS* 0 0 0
[—(a; +2u+a;, + 8 — ) 0 0
Js = a; —(a; +2u+p) pS*
0 a, —(6+2u+a,+p—1vy)

Then from the above:

tr(J(ED)=—BI"+3u+a,+p+5+a, — )
_ <a1ﬂA(u +p) —putp)la+ W@ +uta,—y)
[((u+p)(ay + W +u+a, —P) — ayap]

>+3u+a1+(p+5+az—tp))<0

Ifa; FA(L+p) > p(u+p)(ay + S +p+a, =),

w+p)lar+w)(6+p+ay—9P) > aia,p Whenp+6+a, >y

det(J () = [Ay = A4 = Blay + @ + p+ @y = %) = £ (@ + W@+ + @ =P I
+[As +p+pll(ay + W@ + u+ a; —P)] + [A, — A5

Where :

A = ay6puf + a1 6pf + ayazupf + ayarf + i’ + agppP + p?SB + usPp + 1B tuzpﬂ +
Wraf +uazpB + pparaz, Ay = arupp + aipYB + ppY + wppB, Az = p* + L.

Ay = a 6U% + a1 pdp + ayaop® + ajappp + agp® + ag i + 6p® + Sup + pt + ppd + app®
+ayu’p
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As = aypp’ + ayPpu + 1PPp
Andifc; = a; +u,c; =8+ pu+azc; = (u+ p) then det(J(E*)) becomes.

aiBAcs + ppeic; — ppcyes
Beicycs — (Beics + arazpP)

. py p
dEt(](E )) = [A1 + Byc,y +-0( ¢ — (Az + Beic, +a_C1C2)] [
1 1
+c YAz + cicp05 + Ay — (€145 + cic3Y + Ag).

Y
If fiy = Ay + By +’;—1C1:f2 =4, + feic, + a%C1C2:f3 = a1 A3 + pipeics, fu = ppcyes

a;BAcs + ppes ez — pipcycs
fs Beicyes — (Beics + aianpB) Jo = Bpcics + arazpPB L f7 = 1Az + cica03 + Ay

And fg = C1C2A3 + C1C3lp + A5

det(J(E")) =

_ [f1f4 + fofs + fofs + fsfe — (afs + fofa + f5f7 +f6f8)] <0
fs _f6

Iffifat fofs+ fafs+ fsfa > fifs + fofa+ fsf7 + fefs and f5 > fo

Next, we calculate the determinant of J'2(E*) in (3.10 ) and obtained

—(ay+2u+a, +6 —y) 0 0
= az —(a1 +2u+p) BS*
0 a, —(6+2u+a,+p—1y)

det[JRI(E)] = (BI* + 2p + a) )(BI* + 2u + 8 + a, — W)(BI* + 2u + p)(a; + 2u + a, + 8 —P)
(ay+2u+p)S+az+2u+p—9) —BI" +2p+ a))(BI" + 2u+ 8+ a; —y)(BI" + 2p + p)
(ay +2p+ a; + 6 = P)(a) BI)+ paga, (BI" + 2p+ a)(ay + 2p + az + 6 —P)(BIY)
—a,BST(BI" + 2u+ p)(ars + 2ut az + 6 —YP)(ay + 2u+p)2pt+ az + 6 — )

+a BST(BI" + 2u + p)(ay + 2u + a; + 6 —P)(ay + 2u + p) (a1 pS7)

—a; BS"(BI" + 2u + p)(ay + 2u + az + 6 — ) (a, BS”PIY)

—a BS*(BI" + 2u + p)(BI)(p + 21 + az + 6 — ) (ay + 2p + p)

+ay o, BS*RS”BI"(BI" + 2p + p) (BI") —ay a; BS”PSBI*BI”

If det[J1?I(E*)] < 0, this completes the proof.

4 Application of the Model to Malaria Transmission

4.1 Model description and basic reproduction number

Here we apply the SEIR model to malaria disease. The model is formulated for both human population as
well as mosquito population at time t, for human we divide our population into four classes Susceptible Sy ,
Exposed Ej, Infectious Iy, and Recovery Human Ry. And the population of the mosquitoes is divided into
three classes, namely susceptible S, Exposed Ey,, and Infectious [,,.

The interaction between the human and mosquitoes is shown in the schematic diagram in Fig. 2, below:
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p
U4
Y BuSuly a, a;
> SH > EH > IH > RH
I R i
My \‘\JfH,’/ By 6n Hy
L/B Syl ;3\\
AV_> SV H VV= EV > IV
v v v
Hy Uy Hy

Fig. 2. Schematic diagram of malaria transmission between human and mosquito

Table 2. list of the parameters

Parameter Description

AN Recruitment rate of humans
Ay Recruitment rate of mosquitoes
a, Developing rate of exposed (humans) becoming infectious
a, Recover rate of humans.( removal rate)
Uy Natural death rate of humans
S Induce death rate of humans
as Developing rate of exposed (mosquitoes) becoming infectious
Hy Natural death rate of mosquitoes
an Probability of transmission of infection from an infectious mosquitoes to a susceptible humans
v Probability of transmission of infection from an infectious humans to a susceptible mosquitoes
n Mosquitoes biting rate
[),V Infection rate gy X n, of humans
,81: Infection rate g, X 1, mosquitoes
Loss of immunity for humans
5 Rate of the newborn’s birth with infection humans

The model equations are given by:

ds
= Ay - BySuln — 1ySu + pRy

dt
df_tH = BHSHIH - (“1 + HH)EH
L — By — (o +py + 8) Iy + 9 Iy
S = @yl - gy + P)Ry @.1)
= Av = BySuly —uySy
% = BySvly — (as + HV)EV
%/ = azBy —pyly
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Where: Sy (t) = Sy(0), Ey () = E4(0),15(8) = I5(0), Ry (£) = Ry (0), Sy () = Sy (0),
Ey(t) = Ev(0), 1y (¢) = I,(0)
We also consider the following equations:
Ny(t) = Su(t) + Ex(©) + 1y (6) + Ry (0) (4.2)

Then the derivative of Ny (t) with respect to t is given by:

dNyg _ dSyg dEy dlg dRy

dt dt dt dt dt
ar = Ay — uyNy — (6 — Py

dNy
o = Au— Ny

lim,_,, Ny (t) <22,
HH
Thus the feasible region of the system (4.1) for the human is given by

A
I“=K&j@@Jﬁ)&+ﬁb+@+RHSZESH>QEHZQ@ZORHZQ
H

is positively invariant and
Ny (8) = Sy(8) + Ey(t) + Iy () (4.3)
Then the derivative of Ny, (t) with respect to t is given by:

dNy _ dSy dEy dly

dt  dt dt ' dt
dN,
i S Ay — uyNy
lim,,, N,(t) <2V
uy

Thus the feasible region of the system (4.1) for the mosquito is given by
™ ={(Sy,Ey, I,):Sy + E, + I, < 2—V,SV > 0,E, =2 0,1, = 0} is positively invariant.
4

Then the system of ODE’s (4.1) has a positive region defined as:

I' = {(Sy, Ey, Iy, Ry, Sy, By, Iy): Sy(t) + Ey(t) + Iy(t) + Ry (1), Sy () + Ey () + Iy (¢)
Sy>0,Ey =0, >20,R; 20,5, >0,E, = 0,1, = 0}, is positively invariant set.

Then it is easy to see that the system (4.1) has the disease-free equilibrium

Eopy = (2—“, 0, 0,0,z—v, 0,0). The basic reproduction number R, for the human and mosquito will be found
H 4

by using the next generation matrix found in [12,17] as R; = /Ry Ry -then the R, the R, for the model
(4.1) is calculated and defined by:

Buuv? (py+az)(pp+a) (up+a+8—9)

R, = J 102 v BuAVAH (4.4

10
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Theorem3: The disease-free equilibrium Eqpy (2—“,0, 0,0,z—v, 0,0) of the system (4.1) is asymptotically
H 14
stable if R; < 1 and unstable if R; > 1.

4.2 Model analysis

4.2.1 Disease-free equilibrium

In this section, we investigate the local geometrical properties of the disease-free equilibrium

Eony (2—“, 0, 0,0,%, 0,0 ) by considering the linearized system of ODE’s (4.1), taking the Jacobian matrix
H 14

and obtained

Jo J
J(Sy, Ey, Iy, Ry, Sy, Ey, Iy) = [,i ]i] (4.5)
Where:
—Buly — py 0 —BuSu g 8 6:)2 p 0 0 0
Jo= Bulu —(a; + py) BuSu Ji= 00 0 ,J=10 0 0 O
0 a —(ay+pug+8+y 00 0 0000
and
—(uu +p) 0 0 0
Iy = 0 —Bvly — uy 0 =BvSv
: 0 Buly —(az +uy) BvSvy
0 0 as —Hy

The local stability of the equilibrium may be determined from the Jacobian matrix (4.5). This implies that
the Jacobian matrix for the disease -free equilibrium is given by

J o) = [ 7] (4.6)
1 3
Where:
[~ 0 _ﬁH/;_H 1 0 0 a
f 00 0
— A —
]0 _| 0 —(al +uH) BHi Jl - 00 0
[ o a, —(a2+uH+6)+1,bJ 0 0 0
[_(MH +p) O 0 0
p 0 0 0 0 —u 0 B,
12=[0 0 0 o]and Js = ’ "
00 0 0 [ o 0 —(as+m) By
L o 0 2 —uy |

The determinant of (4.6) is given by:

Jo J2

](EOHV_M) = I, s

=0 4.7

11
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A
[_#1-1 -2 0 —PBy M_H ] 00 a
! 00 0
. — A —
Where: fo—ll 0 —(ay+uy)—4 Br JI’JI‘ 00 0
(uy + p) A0 0 0
p 00 [ —y —A 0 _ﬁvﬁ_z ]
J2=10 0 0 and]=| Ay |
0 000 [ 0 0 —(az +py) =2 ﬁv;J
0 0 RE —py — 4
The eigenvalues of the (4.7) are given by:
Clearly 4y = —uy, A, = —(uy + p), A3 = —py are negatives and
Mo+ 2 +ci+c, =0 (4.8)

By Using the Routh-Hurwitz criterion [14,15], it can be seen that all the eigenvalues of the characteristic
equation (4.8) have negative real part if and only if:

{Cl > 0, CZ > 0,C3 > 0,C4 > 0,C1C2 - C3 > 0,C1C2C3 - C32 - C12C4 > 0, (4 9)

C1CpC3C, — CoC3%Cs > 0

Where: ¢; = ay + ay + a3 + 2uy + 2uy +6 — ¢
€ = a1y + 2aypy + Sy + aguy + Py + ) + Spy + ayaz + apas + agpy + 4ugpy +
BulAu Bv Ay
oty + 23y + 8as + 26y + 2aspy — ) — pyp — asyp — 2y —aq L — a3 1
€3 = a1a,” + 2a1 o4y + daypyply + @ Qspy + 2@ aspy + 207 + agapuy + 207 uy +
sy’ + aguppy + 2Uppy? + Sayay + 28aipy + 28puypy + Saspy + Saspy + Spy® +

= 2y — 23 — azpy) — pyPP — Saz =~

BvAv
uy

Az3ly
_ BvAv BvAv BvAv
Sas P T T
4 = @@y + @y apuy + agaspypy + aypigpy? + agasSuy + a Spy? — ajaspuy —
arpuy? + ayazuypy + aopyiy® + aspy®uy + ugpy® + 5“3#Hﬂv + 5#Hﬂvz — 3y

2 BvAy BvAv ﬁVAV BvAy
—PUylly® — Qa3 —— — @Ay —— — baa; apa 3 — Q03Uy -
uy Hy u uy
BvAv 2 BvAv BV v l? BHAH
a3y — a3ly — Saspy v 103 -
uy uy HH HH
2 BHAH BuAH BvAv
ahy +a a3y —— P

It can be seen that all the eigenvalues have negative real parts and therefore the disease-free equilibrium is
Locally Asymptotically Stable.

4.2.2 Endemic equilibrium

In this section, we consider a situation in which all the steady states coexist in the equilibrium. We denote
E* = (Sy" Eq", Iy" Ry, Sy", Ey" I, as the endemic equilibrium of the system (4.1). We also obtain:

S * = (ay+up)(S+ug+az—P) = (up+p)(6+pp+az—P)up(ai+up)(S+ug+az—P)-aig ay
a1BH H a1[Bu(pa+p)(S+uptaz—P)+asazfypl

)

12
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« _ (uu+p)lup(ar+pup)(S+up+az—P)—aigyny o afug(a+up)(S+up+az—P)-aigayl
Bu(up+p)(as+up)(S+up+az—P)+aiaz fupl

B gulun+p)(ar +um) (S+up+az—Pp)+asazpyp’ 0 T ;)
. afyAy — py(as + py)
and I,” =
By (az + py)

_ wv(as + py) . WPyAy — Hy® (s + py)
aBy asPy(as + uy)

SV*

from system of ODE’s (1) and linearized the same system to obtained:

JSu" Ex" 1y Ry, Sy By Iy) = H‘l’ Z] (4.10)
Where:
—Buly” — Uy 0 —BuSy” 8 g %2
Jo= Buly” —(ay + pw) BuSu” J1= 00 ol
0 a; —(ay +uy + ) +¢ 00 0
—(uy + p) 0 0 0
p 0 00 g e
L=|0 0 o o|land J5= 0 Bvly ) Hy 0 BvSv .
00 0 0 0 Bvly —(az +uy) PBvSy
0 0 az —Hy

Therefore, the characteristic equation of (4.10) is given by

A +d 2% + dyA® + d3A* + dy 22 + ds A% +dgA +d, = 0 4.11)
Where

dy = —(a11 + gz + a3z + a4q + ass + age + az7)

dy = 11027 + Q41033 + Q11044 + A11055 + A11066 + Q11077 + Q22033 + 022044 + A22055 +
(22066 T 22077 + Q33044 + A33Qs55 + A33066 + A33077 + (44055 + 44066 + AgaQy7 +
Q55066
tas55a77+066077

d3 = —[a11a22a33 + Q11022044 + Q11022055 + 11055066 + Q11052077 + A11033044 + A11a33055
+0a11033066 t 011033077 T 411044055 + Q11044066 T Q11044077 + 011055066 t+ A11055066 T
(11055077 + (11066077 T Q22033044 + 022033055 + 02033077 + (32044055 + 022044066 +
(22044077 + Q22055066 + Q22055077 + (2066077 + (33044055 + A33044066 t Q33044077 +
A33055066 T A33055077 + A33066077 + Aaals5066 + Aaalsslyy + A4ae6077 + As5A66077]-

dy = Q11022033044 + Q11022033066 + Q11022033077 + 011052044055 + Q11055044866 +
Q11022044077 1 Q11022055066 T Q11022055077 T 411022066077 + 011033044055 +
Q11033044066 T (11033044077 + Q11033055066 T 411033055077 + A11033066077 +
Q11044055066 T 11044055077 + Q11044066077 T Q11055066077 T 022033044055 +
(22033044066 t Q22033044077 + (2033055066 + A22033A55077 + 022033066077 +
—032033066 t Q22044055066 T 2204405577 + 022044066077 + Q22055066077 +
Q33044055066 t Q33055066077 T (33044055077 + A33044066077 T 44055066077 —

14021032043

13
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ds = —[a11022033044055 + Q11022033044 066 + A11022033044077 + A1102,033055066 T+
Q1102033055077 — Q11022033055 + A11022033066077 + A11022044055077 + 1102044066077
+0a11022055066077 + 0113304405506 T (A11033044066077 + A11033055066077 +
A11055044055066077 T A22033044055077 t A33033044066077 T A22033055066077 +
(2204405506677 t Q33044 055066077 — (1401032043077 — A14021032043055 — Q1402103204306
de = A11022033044055066 + A11022033044055077 + A11053033044066077 T A11022033055066077
+011022044055066077 + Q1133044066077 t A22033044055A66077 — A14021032043055077 —

—QA140210A32043066077 — A14021032043055066

d; = —011077033044055066077 + Q14051037 A43055066077 + A14021032043067076 +
A14021032A43057067076

And
a1 = —Buly” + bn), @13 = —PuSk", a1a = P, a21 = Puly’, oz = —(ay + py), A3 = PuSy”
Asp = 1,033 = —(@z + py + 6 — ), ay3 = @z, a44 = —(uy + p),ass = —(Byly" + py)
as; = —PySy", aes = Bvly’, ass = —(a3 + y), as7 = PySy’, Az6 = @3,a77 = —iy

By Using the Routh-Hurwitz criterion [14,15,18], it can be seen that all the eigenvalues of the characteristic
equation (4.8) have negative real part if and only if: d; > 0 (i = 1,2,3,4,5,6,7).

dy ds b ds ds FE
D;=d;>0,D, = >0,D;=|1 d, d4>0D,= z T4 e
1 4, 0 d. d 0 dy d3 ds
1 3 o 1 d, d,
4 d dy d, 0 d, d; ds d, 0 0
L 4 d, d, 0 1 d, d, di 0 0
Ds={0 d di ds dj|>0D=[0 4 b G5 &0 (4.12)
0 1 dz d4, d6 0 1 dz 4 6
0 0 d dsi ds 0 0 d dy ds dy
0 0 1 d, d, dg
d, ds ds d, 0 0 0
1 d, dy dg 0 0 0
0 dl d3 ds d; 0 0
D;=|g 1 d, di dg¢ 0 0]|>0
0 0 d ds ds d; O
0 0 1 d, dy dg¢ O
0 0 o d, dy ds d,

Therefore the system (4.1) shows local asymptotic stability at E* when R, > 1 which guarantees the existence
of E* and conditions (4.12) are satisfied. So, we arrive to the following result.

Theorem 4: The endemic equilibrium E* of the system (4.1) is locally asymptotically stable if Ry > 1 and
conditions (4.12) are satisfied.

5 Numerical Simulations

In this section, we use numerical simulations to show the dynamical behaviour of our results the parameters
that would be used in this section are displayed in Table 3, Table 4 and under figures.

14
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Table 3. Parameters values of model 1

Parameter Description Value Source
A Recruitment rate of susceptible. 1.2 [11]
B Infection rate(effective infection rate) 0.001 Assumed
a; Developing rate of exposed (humans) 0.1 Assumed
a, Recover rate of humans ( removal rate) 0.0035 [12]
U Natural death rate 0.03 [11]
1) induce death rate 0.089 [11]
Y Rate of the newborn’s birth with infection humans 0.003 Assumed
p Loss of immunity of humans 0.00017 [19]
Table 4. Parameters values of model 2
Parameter  Description Value Source
Ay Recruitment rate of humans 1.2 Assumed
Ay Recruitment rate of mosquito 0.7 Assumed
a; Developing rate of exposed (humans) becoming infectious 0.05 [9]
a, Recover rate of humans ( removal rate) 0.0035 [12]
Uy Natural death rate of humans 0.01146  Assumed
1) Induce death rate of humans 0.068 Assumed
as Developing rate of exposed (mosquitoes) becoming infectious 0. 083 [12]
My Natural death rate of mosquitoes 0.05 [20]
qu Probability of transmission of infection from an infectious 0.022 [21]
mosquitoes to susceptible humans
qv Probability of transmission of infection from an infectious 0.24 [21]
humans to a susceptible mosquitoes
Ny Mosquitoes biting rate 0.46 [2]
Bu Infection rate gy X 7, of humans 0.00638  [21]
By Infection rate g, X 1, mosquitoes 0.0696 [21]
Y Rate of the newborn’s birth with infection humans 0.003 Assumed
p Loss of immunity for humans 0.00017  [19]

5.1 Sensitivity analysis of the basic reproductive numbers

We investigate the nature of the model by conducting sensitivity analysis of the reproductive numbers Ry,
R, for model (2.1) and (4.1) respectively.

(a) At the disease-free equilibrium for (2.1): A = 1.2, = 0.001, ¢; = 0.1, 2, = 0.0035, » = 0.03,
6 =0.089,y =0.003,R, < 1.
(1) If the value of £ is increased to 0.02 or more and the values ofa;, a,, 1t , A, § and 1 maintains same
then Ry > 1.
(i) If the value of A is increased to 10 or more and the values of a;, ay,, 4, B, § and P
maintains same then R, > 1.
(b) At the endemic equilibrium for (4.1): Ay = 1.2, 8y = 0.00638, ¢; = 0.05, @, = 0.0035,
Uy = 0.01146,5 = 0.068,p = 0.00017 , Y = 0.003 , Ay =0.7,8, =0.0696 , a; =0.083 ,
uy = 0.05.
(i) If the values of B,; and B is decreased to 0.0000638 and 0.000696 respectively or more and the
values of the others parameters maintains same then Ry < 1.
@i1) If the values of BH decreased from 0.638 to 0.0000638 or less and the values of the others
parameters maintains same then R, < 1.
(iii) If the values of B, decreased from 0.0696 to 0.0000696 or less and the values of the others
parameters maintains same then R, < 1.
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Fig. 3. The relationship between Ryand a;.
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Fig. 13. Time responses of the state variables S, E, I, and R with initial conditions s(0)0.83,E(0) =
0.08,I1(0) = 0.07,R(0) = 0.02 Against the time and R, = 0.2575.Where the parameters:
A=1.2,8=0.001,a, =0.1,a, = 0.0035, = 0.03,5 = 0.089,p = 0.00017,y = 0.003
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Fig. 14. Time responses of the state variables S, E, I, and R with initial conditions s(0)0.83,E(0) =
0.08,I1(0) = 0.07,R(0) = 0.02 Against the time and R, > 1.Where the parameters:
A=1.2,8=0.02a, =0.1,a, = 0.0035 1 =0.03,5 = 0.089,p = 0.00017, y = 0.003
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Fig. 15. Time responses of the state variables S, E, I, and R with initial conditions s(0)0.83,E(0) =
0.08,I1(0) = 0.07,R(0) = 0.02 Against the time and R, > 1.Where the parameters:
A=10,8=0.001,a, =0.1,a, = 0.0035, = 0.03,5 = 0.089,p = 0.00017,{ = 0.003
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Fig. 16. Time responses of the state variables Sy, Ey, Iy, and Ry with initial conditions
5(0)0.83,E(0) =0.08,I(0) = 0.07,R(0) = 0.02 Against the time and R, > 1.Where the
parameters: Ay = 1.2, 85 = 0.00638,a; = 0.05,a, = 0.0035,uy; = 0.01146,6 = 0.068,p =
0.00017,3p = 0.003.
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Fig. 17. Time responses of the state variables Sy, Ey, Iy, and Ry with initial conditions
5(0)0.83,E(0) =0.08,1(0) = 0.07,R(0) = 0.02 Against the time and R, = 0.606.Where
The parameters: Ay = 1.2, 84 = 0.000638,a; = 0.001,a, = 0.0035, uy; = 0.01146,

6=,0.089,p= 0.00017,9) = 0.003
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Fig. 18. Time responses of the state variables Sy, Ey, and Iy, with initial conditions Sy, (0) =, E;,(0) =
0.2,Ey(0) = 0.1. Where the parameters: Ay = 0.7, 8, = 0.0696,a; = 0.083,u, = 0.05.
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Fig. 19. Time responses of the state variables Sy, Ey, and I, with initial conditions S,(0) = 0.7
Ey(0) = 0.2,Ey;(0) = 0.1. Where the parameters: Ay = 0.7, 8y = 0.000696, a3 = 0.083, uy =
0.05.
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Fig. 20. Time responses of the state variables Sy, Ey, Iy, Ry, Sy, Ey, and I, with initial conditions
s(0) =0.83,E(0) =0.08,1(0) =0.07,R(0) =0.02,5,(0) =0.7,E,(0) =0.2,E,(0) =0.1.
Against the time and R, > 1.Where the parameters: Ay = 1.2, 85 = 0.00638,a; = 0.05,
a, = 0.0035, 1, = 0.01146,5 = 0.068,p = 0.00017,3) = 0.003, Ay = 0.7, B, = 0.0696,
a3 =0.083,uy = 0.05
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Fig. 21. Time responses of the state variables Sy, Ey, Iy, Ry, Sy, Ey, and I, with initial conditions
s(0) =0.83,E(0) =0.08,1(0) =0.07,R(0) =0.02,5,(0) =0.7,E,(0) =0.2,E;(0) =0.1.
Against the time and Ry < 1.Where the parameters: Ay = 1.2, 85 = 0.000638,a; = 0.05,
a; =0.0035,uy =0.01146,8 = 0.068,p = 0.00017,3) = 0.003,Ay = 0.7, = 0.000696,
a3z =0.083, uy = 0.05

6 Discussion of Results

In this paper, we studied the dynamics of an SEIR model and applied it to malaria transmission between
human and mosquito, by including the newborn’s birth with infection can enter infection compartment. We
derived the basic reproduction number and discussed the existence and stability of Disease-Free Equilibrium
(DFE) and Endemic Equilibrium (EE) of model (2.1) and applied them to model transmission between
human and mosquitoes (4.1).

Our analysis shows that if the reproduction number is less than one then the (DFE) is locally asymptotically

stable, this implies that only susceptible is present and the other populations approaches zero, and the disease
dies out. And if the reproduction number is greater than one then (DFE) is unstable, this implies that all the
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populations exist for (2.1) and (4.1) respectively. This situation has been verified numerically by simulations
in Figs. (13,17,19,21) and (14,15,16,18,20) respectively , and Figs. (3,4,5,6,7,8),(9,10,11,12) show the
graphs of Ry < 1 and Ry < 1in terms of aq, ay, A, Y, 8 and By, By, Ay, Ay, P respectively. Our sensitivity
analysis shows that the most effective parameters are: 5, A and Sy, Sy for model (2.1) and (4.1), the
simulation result shows that both human and mosquitoes will exist and get infected. These results are helpful
in predicting malaria transmission and how to find effective way of prevention and control in the model.
Clearly, from the simulations the (DFE) is asymptotically stable whenever the reproduction number is less
than one, the (EE) is unstable when the reproduction number is greater than one, of model (2.1) and (4.1)
respectively. We notice that in order to reduce the basic reproduction number below one, we need to focused
on reduction of contact between mosquitoes and human as well as the infection rate of human.

7 Conclusion

Our model shows that, Malaria cannot only be controlled by reducing the contact rate between the mosquito
and humans, but also by reducing the infection rate between the human, and the use of active malaria drugs,
insecticides, and, treated bed nets would reduce the mosquito population, and that keep the human
population stable.
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