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INTRODUCTION

Algebraic structures play a prominent role in mathematics with
wide ranging applications in many disciplines such as
theoretical physics, computer sciences, control engineering,
information sciences, coding theory, topological spaces, and
the like.

Nachbin (1965) initiated the study of topological ordered
spaces. Levine (1970) introduced the class of g-closed sets, a
super class of sets in 1970. Veera Kumar (2000) introduced a
new class of sets, called g*-closed sets in 2000, which is
properly placed in between the class of closed sets and the class
of g-closed sets. Veera Kumar (2002) introduced the concept of
i-closed, d-closed and b-closed sets in 2001. Srinivasarao
introduced ig-closed, dg-closed, bg-closed, ig*-closed, dg*-
closed and bg*-closed sets in 2014. In this paper, Srinivasarao
discusses the possible applications of ig, dg and bg — closed
type sets in topological ordered spaces.

A topological ordered space is a triple (X, 1, <), where tis a
topology on X, Where X is a non-empty set and < is a partial
order on X.

Definition 1

For any xeX, {yeX/x<y} will be denoted by [x, —] and

{yeX/y<x} will be denoted by [«, x]. A subset A of a
topological ordered space (X, 7, <) is said to be increasing if A

=i(A) where i(A)= | ] [a, ] (Veera Kumar, 2002).
acA
Definition 2

For any xeX, {yeX/y<x} will be denoted by [«, x]. A subset
A of a topological ordered space (X, t, <) is said to be

decreasing if A = d(A), where d(A) =| ] [a, <] (Veera
acA

Kumar, 2002).

PRELIMINARIES
Definition 1
A subset A of a topological space (X, 7 ) is called

1) a generalized closed set (briefly g-closed) (Levine, 1970) if
cl(A)C U whenever AC U and U is open in (X, 7 ).
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2) a g -closed set (Veera Kumar, 2000) if cl(A) U whenever
AcCUandUis g-openin (X, 7).

Definition 2

A subset A of a topological space (X, 7, <) (Veera Kumar,
2002; Srinivasarao, 2014) is called

1) an i-closed set if A is an increasing set and closed set.

2) a d-closed set if A is a decreasing set and closed set.

3) a b-closed set if A is both an increasing and decreasing set
and a closed set.

4) ig-closed set if icl(A) € U whenever A U and U is open in
X, 7).

5) dg-closed set if dcl(A) € U whenever A U and U is open
in(X,7).

6) bg-closed set if bcl(A) © U whenever A U and U is open
in(X,7).

Theorem 1: Every closed set is a g-closed set

The following example supports that a g-closed set need not be
closed set in general (Veera Kumar, 2000).

Example 1

Let X={a,b,c}, o= {0, X, {a}} and <1 = {(a, a), (b, b), (c,
¢), (a, b), (b, ¢), (a, ¢)}. Clearly (X, 15, <1) is a topological
ordered space. Closed sets are ¢ , X, {b, c}. g-closed sets are ¢ ,
X, {b}, {c}, {a, b}, {b, c}, {c,a}. Let A={c}. Clearly A is a g-
closed set but not a closed set (Veera Kumar, 2000).

Theorem 2: Every g*-closed set is a g-closed set

The following example supports that a g-closed set need not be
a g*-closed set in general (Veera Kumar, 2000).

Example 2

Let X ={a,b,c},21={¢, X, {a}} and <1 = {(a, a), (b, b), (c,
¢), (a, b), (b, ¢), (a, ¢)}. Clearly (X, t,, <1) are topological
ordered spaces. g-closed sets are ¢ , X, {b}, {c}, {a,b}, {b, c},
{c, a}. g*-closed sets are ¢, X, {b, c}.Let A={c}. Then A is a
g-closed set but not a g*-closed set (Veera Kumar, 2000).

Theorem 3: Every i-closed set is an ig-closed set

The following example supports that an ig-closed set need not
be an i-closed set in general (Srinivasarao, 2014).
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Example 3

Let X={a, b, c},2t={d, X, {a}} and <2 = {(a, a), (b, b), (c,
c), (a, b), (c, b)}. Clearly (X, 12, <2) is a topological ordered
space (Srinivasarao, 2014).

ig-closed sets are @, X, {b}, {a, b}. i-closed sets are ¢, x. Let
A = {b} or {a, b}. Clearly, A is an ig-closed set but not an i-
closed set.

Theorem 4: Every d-closed set is a dg-closed set

The following example supports that a dg-closed set need not
be d-closed set in general (Srinivasarao, 2014).

Example 4

Let X={a,b,c},21={d, X, {a}} and <2 = {(a, a), (b, b), (c,
¢), (a, b), (c, b)}. Clearly (X, 12, <2) is a topological ordered
space (Srinivasarao, 2014). dg-closed sets are ¢ , X, {c}, {b, c}.
d-closed sets are ¢, X, {b, c}. Let A = {c}. Clearly, A is a dg-
closed set but not a d-closed set.

Theorem 5: Every b-closed set is a bg-closed set

The following example supports that a bg-closed set need not
be a b-closed set in general (Srinivasarao, 2014).

Example 5

LetX = {a,b,c}, 7, = {¢, X, {a}} and < = {(a, a), (b, b), (c,
c), (a, b), (a, ¢)}. Clearly (X, 7,, <3) is a topological ordered

space. bg-closed sets are @, X, {c}. b-closed sets are ¢, X.

Let A = {c}. Clearly A is a bg-closed set but not a b-closed set
(Srinivasarao, 2014).

Theorem 6: Every bg-closed set is an ig-closed set

The converse of the above theorem need not be true
(Srinivasarao, 2014). This will be justified from the following
example.

Example 6

Let X ={a,b,c}, 7, = {@, X, {a}, {b}, {a,b}} and <, = {(a,
a)v (bs b)) (09 C)) (aa b)a (ba C)o (aa C)} Clearly (Xa 7'-17 S1) is a
topological ordered space (Srinivasarao, 2014).

Let A = {c}. Clearly A is an ig-closed set but not a bg-closed
set.
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Theorem 7: Every bg-closed set is a dg-closed set

The converse of the above theorem need not be true
(Srinivasarao, 2014). This will be justified from the following
example.

Example 7

Let X = {a,b,c}, 7, = {@, X, {a}, {b}, {a,b}} and <; = {(a,
a), (b, b), (c, ¢), (a, b), (a, c)}. Clearly (X, 7,,<3) is a

topological ordered space (Srinivasarao, 2014). Let A = {a, c}.
Clearly A is a dg-closed set but not a bg-closed set.

Theorem 8: Every b-closed set set is an i-closed set
The converse of above theorem need not be true (Srinivasarao,

2014). This will be justified from the following example.

Example 8

Let X ={a,b,c}, 7, = {@,X, {a}, {b}, {a,b}} and <, = {(a,
a), (b, b), (c, ¢), (a, b), (b, ¢), (a, ¢)}. Clearly (X, 7,,<)) is a
topological ordered space (Srinivasarao, 2014). i-closed sets
are @, X, {c}, {b, c}. b-losed sets are @, X. Let A = {c} or
{b, c}. Clearly A is an i-closed set but not a b-closed set.

Theorem 9: Every b-closed set is a d-closed set

The converse of above theorem need not be true (Srinivasarao,
2014). This will be justified from the following example.

Example 9

Let X ={a,b,c}, 7, = {@,X, {a}, {b}, {a,b}} and <, = {(a,
a), (b, b), (c, ¢), (a, b), (c, b)}. Clearly (X, 7,, <) is a
topological ordered space (Srinivasarao, 2014). d-closed sets
are @, X, {c}, {b, c}. b-closed sets are @, X. Let A = {c} or
{b, c}. Clearly A is a d-closed set but not a b-closed set.

Theorem 10: Every ig -closed set is an ig-closed set

The converse of above theorem need not be true (Srinivasarao,
2014). This will be justified from the following example.

Example 10

LetX ={a,b,c}, 7, = {@,X, {a}} and < = {(a, a), (b,)),

(c, ¢), (a, b), (b, ¢), (a, ¢)}. Clearly (X, 7,,<)) is a topological
ordered space (Srinivasarao, 2014). ig-closed sets are ¢, X,
{c}, {b, c}. ig'-closed sets are @, X, {b, c}. Let A = {c}.
Clearly A is an ig-closed set but not a ig"-closed set.

Theorem 11: Every dg’-closed set is an dg-closed set

The converse of above theorem need not be true (Srinivasarao,
2014). This will be justified from the following example.

Example 11

LetX = {a,b,c}, 7, = {#,X, {a}} and <, = {(a, ), (b, b), (c,
c), (a, b), (c, b)}. Clearly (X, 7,,<,) is a topological ordered
space (Srinivasarao, 2014). dg-closed sets are @, X, {c}, {b,

c}. dg'-closed sets are @,X, {b,c}. Let A = {c}. Clearly A is

an dg-closed set but not a dg’-closed set. So the class of dg-
closed sets properly contains the class of all dg"-closed sets.

Theorem 12: Every bg -closed set is a bg-closed set
The converse of above theorem need not be true (Srinivasarao,

2014). This will be justified from the following example.

Example 12
Let X ={a,b,c}, 7, ={¢#, X, {a}} and <3 = {(a, a), (b, b), (c,

¢), (a, b), (a, ¢)}. Clearly, (X, 7,,<3 is a topological ordered

space. bg -closed sets are @, X. bg-closed sets are @, X, {c}
(Srinivasarao, 2014). Let A = {c}. Clearly A is bg-closed set

but not a bg -closed set. So the class of bg-closed sets properly
contains the class of all bg -closed sets.

Theorem 13: Every bg -closed set is an ig"-closed set

The converse of above theorem need not be true (Srinivasarao,

2014). This will be justified from the following example.

Example 13

Let X={a,b,c}, 75 = {¢,X, {a}, {b,c}} and <53 = {(a, a), (b,

b), (c, ¢), (a, b), (a, ¢)}. Clearly (X, 75, <3y is a topological

ordered space (Srinivasarao, 2014). Let A = {b}. Clearly A is
an ig -closed set but not a bg -closed set.

Theorem 14: Every bg -closed set is an dg-closed set

The converse of above theorem need not be true (Srinivasarao,
2014). This will be justified from the following example.
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Let X = {a,b,c}, 7, = {@, X, {a}, {b}, {a,b}} and < = {(a,
a), (b, b), (c, ¢), (a, b), (a, ¢)}. Clearly (X, 7,, <3) is a

topological ordered space (Srinivasarao, 2014). Let A = {a, c}.
Clearly A is a dg'-closed set but not a ig’-closed set. The class
of all dg’-closed sets properly contains the class of all bg -
closed sets.

Theorem 15: Every i-closed set is an ig -closed set

The converse of above theorem need not be true (Srinivasarao,
2014). This will be justified from the following example.

Example 15

Let X={a,b,c}, 73 = {@,X, {a}, {b,c}}and <,={(a, a),
(b, b), (c, ¢), (a, b), (c, b)}. Clearly (X, 75, <4) is a topological
ordered space. ig'-closed sets are @ , X, {b, c}. i-closed sets are

@,X.Let A= {b,c}. Clearly Aisa ig'-closed set but not an i-

closed set (Srinivasarao, 2014). The class of all ig*—closed sets
properly contains the class of all i-closed sets.

Theorem 16: Every d-closed set is a dg”-closed set

The converse of above theorem need not be true (Srinivasarao,
2014). This will be justified from the following example.

Example 16

Let X = {a, b, ¢}, 7, = {#., X, {a}, {b, c}} and <, = {(a, a),
(b, b), (c, ¢), (a, b), (c, b)}. Clearly (X, 7,, <) is a topological
ordered space (Srinivasarao, 2014). dg’-closed sets are o, X,

{b, c}. d-closed sets are @, X. Let A = {b, c}. Then A is dg’-
closed set but not a d-closed set. The class of all dg’-closed sets

properly contains the class of all d-closed sets.
Theorem 17: Every b-closed set is a bg™-closed set
The converse of above theorem need not be true (Srinivasarao,

2014). This will be justified from the following example.

Example 17

Let X =1{a, b, c}, 74 = {¢, X, {a}, {b}, {a,b}{a, c}} and <
={(a, a), (b, b), (c, ¢), (b, ¢), (¢, a), (b, a)}. Clearly (X, 7;, <)

is a topological ordered space (Srinivasarao, 2014). bg -closed
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sets are @, X, {b}. b-closed sets are @, X. Let A = {b}. Then

A is bg'-closed set but not a b-closed set. The class of all bg'-
closed sets properly contains the class of all b-closed sets.

Theorem 18: Every bg -closed set is an ig-closed set

Then every bg'-closed set is an ig-closed set (Srinivasarao,
2014). The converse of above theorem need not be true. This
will be justified from the following example.

Example 18

Let X={a, b, c}, 7, = {¢, X, {a}, {b}, {a, b}} and <5 = {(a,
a), (b, b), (c, ¢), (a, b), (a, c)}. Clearly (X, 7,, <3 is a
topological ordered space (Srinivasarao, 2014). bg -closed sets
are @, X. ig-closed sets are @, X, {c}, {b, c}. Let A = {c} or
{b, c}. Clearly A is an ig-closed set but not a bg -closed set.

The class of all ig-closed sets properly contains the class of all
bg -closed sets.

Theorem 19: Every bg -closed set is a dg-closed set

The converse of above theorem need not be true (Srinivasarao,

2014). This will be justified from the following example.

Example 19

Let X ={a, b, c}, 7, = {@,X, {a}, {b}, {a,b}} and <, = {(a,
a), (b, b), (c, ¢), (a, b), (c, b)}.Clearly (X, 7,,<) is a
topological ordered space (Srinivasarao, 2014). bg -closed sets
are @, X. dg-closed sets are @, X, {c}, {b, c}. Let A = {c} or
{b, c}. Clearly A is a dg-closed set but not a bg"-closed set.

APPLICATIONS OF g-CLOSED SETS

We introduce the following definitions.

Definition 1
A topological ordered space (X, 7 , <) is called

i) aj Ty Space, if every ig-closed set is closed.
il) a 4 T1/, Space, if every dg-closed set is closed.
iii) a , Ty, Space, if every bg-closed set is closed.

Theorem 1: Every i Ty, space is , T1, space

Proof

Let (X, 7, <) be Ty, space. Let A be bg-closed subset of
X.Then A is an ig-closed set.Since (X, 7 , <) is an {T},, space
then ‘A’ is a closed set. Therefore every bg-closed setisa
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closed set. Hence (X, 7 ) is a , T}, space. The converse of the
above theorem need not be true. This will be justified from the
following example.

Example 1

LetX = {a,b,c}, 7, = {@, X, {a}} and <, = {(a, a), (b, b), (c,
¢), (a, b), (b, ¢), (a, ¢)}. Clearly (X, 7,, <)) is a topological
ordered space. bg-closed sets are¢, X. Closed sets are ¢, X,
{b, c}. Here every bg-closed set is a closed set. Therefore (X,
T,, <3 is, Ty, space.

Theorem 2: Every 4Ty, Space is , T/, Space
Proof

Let (X, 7, <) be 4T, space. We show that (X, 7 ,<)is aTi»
space. Let A be bg-closed subset of X. Then A is a dg-closed
subset of X. Since (X, 7, <) is 4Ty, space, we have A is a
closed set. Thus every 4Ty, space is T, space. The converse
of the above theorem need not be true. This will be justified
from the following example.

Example 2

Let X = {a,b,c}, 7, = {@, X, {a}} and <, = {(a, a), (b, b),(c,
¢), (a, b), (¢, b) }. Clearly (X, 7,,<, is a topological ordered
space. bg-closed sets are @, X . Closed sets are ¢, X. Here
every bg-closed set is a closed set. Hence (X, 7,,<;) is yTin
space. dg-closed sets are @, X, {c}, {b, ¢ }. Here {c} or {b, c}

is not a closed set. Thus (X, 7,, <) is not a 4T, space.

Theorem 3: Ty, space and 4Ty, space are independent
notions as will be seen in the following examples

Example 3

Let X = {a,b,c}, 7, = {@, X, {a}} and <, = {(a, a), (b, b),(c,
c), (a, b), (b, ¢), (a, ¢)}. Clearly (X, 7,,<)) is a topological
ordered space. Closed sets are @, X, {b, ¢ }. ig-closed sets are
@, X, {c}, {b, c} and dg-closed sets are ¢, X. Here every dg-

closed set is a closed set. Thus (X, 7,, <y is 4Ty, space . Let
A={c}. Clearly a is an ig-closed set but not a closed set. Hence
(X, 7,,<;) isnot a T, space.

Example 4

Let X = {a,b,c}, 73 = {#, X, {a}, {b,c}} and <;= {(a, a),

(b, b), (c, ¢), (a, b), (a, ¢)}. Clearly (X, 75, <3) is a topological
ordered space. Closed sets are @, X, {a}, {b, c }. ig-closed sets
are @, X. dg-closed sets are @, X, {c}. Here every ig-closed
set is a closed. Thus (X, 7;3,<3) is {Ti, space. Let A={c}.
Clearly A is dg-closed set but not a closed set. Hence (X,
T5,<3)isnota 4T, space.

We thus introduce the following definitions.

Definition 2
The topological ordered space (X, 7 , <) is called

iyi Vi1 Space if every ig-closed set is an i-closed set.

iind Ta,1/2 Space if every dg-closed set is an d-closed set.
iiiy b | b,1/2 SPace if every bg-closed set is a b-closed set.
iy c Ti space if every closed set is an i-closed set.

vyc Ta Space if every closed set is a d-closed set.

viyc I'b Space if every closed set is a b-closed set.

viiyi T b Space if every i-closed set is a b-closed set.

viiiyd T b Space if every d-closed set is a b-closed set.

Theorem 4: Every Ty, space is a . T; space
Proof

Let (X, 7, <) be Ty, space. We show that (X, 7, <) is a /T;
space. Let A be a closed set. Since (X, 7, <) is . T}, space, then
A is a b-closed set. Then A is an i-closed set. Therefore every
closed set is an i-closed set. Then (X, 7, <) is a ./T; space.
Hence every T, space is a .T; space. The converse of above
theorem need not be true. This will be justified from the
following example.

Example 5

Let X = {a,b,c}, 7, = {@, X, {a}} and < = {(a, a), (b, b), (c,
¢), (a, b), (b, ¢), (a, ¢)}. Clearly (X, 7,,< is a topological
ordered space. Closed sets are @, X, {b, c }. i-closed sets are

¢, X, {b, c} and closed sets are ¢, X . Here every closed set
is an i-closed set. Let A = {b, c}. Clearly A is a closed set but
not a b-closed set. Thus (X, 7,,<) is T; space but not Ty
space.

Theorem 5: Every . Ty space is a ;T4 Space
Proof

Let (X, 7, <) be T, space. We show that (X, 7, <) is a [Ty
space. Let A be a closed set. Since (X, 7 , <) is . Ty, space, then



A is a b-closed set. Then A is a d-closed set. Therefore every
closed set is a d-closed set. Then (X, 7, <) is a T4 space.
Hence every T, space is a /T4 space. The converse of the
above theorem need not be true. This will be justified from the
following example.

Example 6

Let X = {a, b, c}, 7,= {@, X, {a}} and <, = {(a, a), (b, b), (c,
c), (a, b), (c, b)}. Clearly (X, 7,,<,) is a topological ordered
space. closed sets are ¢ , X, {b, ¢ }. d-closed sets are ¢ , X, {b,
¢} and b-closed sets are @, X . Here every closed set is a d-

closed set. Let A = {b, c}. Clearly A is a closed set but not a b-
closed set. Thus (X, 7,, <;)is T4 space but not Ty, space.

Theorem 6: Every Ty space is a T, space
Proof

Let (X, 7, <) be T, space. We show that (X, 7, <) is a ;Ty
space. Let A be an i-closed set. Then A is a closed set. Since
X, 7,5 is Ty space, then A is a b-closed set.. Therefore
every i-closed set is a b-closed set. Then (X, 7, <) is an ;T
space. Hence every Ty, space is a T, space. The converse of the
above theorem need not be true. This will be seen in the
following example.

Example 7

Let X = {ab.c}, 7, = {@, X, {a}, {b}, {a, b}} and <, = {(a,
a): (by b),(C, C)s (a$ b)a (07 b)} Clearly (Xa T]’ S2) is a
topological ordered space. Closed sets are ¢, X, {c}, {a, c},

{b, ¢ }. i-closed sets are @, X . b-closed sets are ¢, X. Clearly

every i-closed set is a b-closed set where as every closed set is
not a b-closed set. Let A = {c} or {a, ¢} or {b, c}. Clearly A is

a closed set but not a b-closed set. Thus (X, 7,,<,) is T4 space
but not T}, space.

Theorem 7: Every T, space is 4Ty, space
Proof

Let (X, 7, <) be . Ty space. We show that (X, 7, <) is a Ty
space. Let A be a d-closed set then A is a closed set. Since (X,
7 ,<)is Ty space then A is a b-closed set. Thus every d-closed
set is a b-closed set. Thus every T, space is 4T}, space. The
converse of the above theorem need not be true. This will be
justified from the following example.
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Example 8

Let X =1{a, b, c}, 7;, = {¢, X, {a},{b},{a, b}} and <; = {(a,
a), (b, b), (c, ¢), (a, b), (b, ¢), (a, c)}. Here closed sets are @, X,
{c}, {b,c}, {a,c}. d-closed sets are @, X and b-closed sets are
@, X. Let A = {c} is not a b-closed set. Every d-closed sets is

b-closed set. Thus (X, 7,,<;)is a 4T} space but not /T, space.

Theorem 8: The spaces .T;and T4 are independent notions
as will be seen in the following examples

Example 9

Let X = {a, b, c}, 7, = {#, X, {a}, {b}, {a,b}} and <, = {(a,
a)7 (b7 b)7 (Ca C)a (a> b)a (C’ b)} Clearly (X7 T]; S2) is a
topological ordered space. Closed sets are @, x, {c}, {b.c},

{a,c}. i-closed sets are ¢ , X. b-closed sets are ¢ , X.

Clearly, every i-closed set is a b-closed set where as every
closed set is not a b-closed set. Thus (X, 7,, <) is an ;T}, space
but not . T, space.

Example 10

Let X=1{a,b,c}, 7, = {d,X, {a},{b},{ab}} and <, = {(a,
a), (b, b), (c, ¢), (a, b), (b,c), (a,c)}. Here closed sets are ¢, X,
{c}, {b,c}, {a,c}. d-closed sets are ¢, X and b-closed sets are
@, X. Let A = {c} is not a b-closed set. Every d-closed sets is

b-closed set. Thus (X, 7,,<,) is a 4T} space but not /Ty, space.

Theorem 9: The spaces are T, and 4T, are independent
notions as will be seen in the following examples

Example 11

Let X = {a, b, ¢}, 7,, = {@#, X, {a},{b},{a,b}} and <, = {(a,
a), (b, b), (c, ¢), (a, b), (b, ¢), (a,c)}. Clearly (X, 7;, <)) is a
topological ordered space. d-closed sets are @ ,x . i-closed sets
are @, X, {c}, {b, c}. b-closed sets are # x.

Clearly every d-closed set is a b-closed,set where as every i-

closed set is not a b-closed set. Thus (X, 7;, <) is an 4T, space
but not ; T, space.

Example 12

Let X= {a,b,c}, 7, = {@, X, {a}, {b}, {ab}} and <, = {(a,
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a), (b, b), (¢, ¢), (a, b), (¢, b)}. Clearly (X, 7}, <) is a
topological ordered space. Here i-closed sets are ¢, X. d-

closed sets are ¢, X, {c}, {b, ¢} and b-closed sets are ¢, X.

Let A = {c} or {b, c}. Clearly A is a d-closed set but not a b-
closed set. Every i-closed sets is a b-closed set where as every

d-closed set is not a b-closed set. Thus (X, 7,,<;) is a 4T}, space
but not . T, space.

Theorem 10: The spaces T, and . T; are independent notions
as will be seen in the following example

Example 13

LetX = {a,b,c}, 7, = {@, X, {a}, {b}, {a,b}} and <, = {(a,
a): (ba b)s (Ca C)? (as b)a (Ca b)} Clearly (X9 T]) S2) is a
topological ordered space. Here i-closed sets are ¢, X. Closed

sets are ¢, X, {c}, {b, ¢}, {a, c} and b-closed sets are ¢, X.

Let A = {c} or {b, c}. Clearly A is a closed set but not a b-
closed set. Every i-closed sets is a b-closed set where as every

closed set is not a b-closed set. Thus (X, 7,,<,) is a ;T space
but not . T; space.

Example 14

LetX={a,b,c}, 7, = {¢ , X, {a}} and <, = {(a, a), (b, b), (c,
c), (a, b), (b, ¢), (a, ¢)}. Clearly (X, 7,,<,) is a topological
ordered space. Closed sets are @, X, {b, ¢ }. i-closed sets are

@, X, {b, ¢} and b-closed sets are ¢, X . Here every closed
set is an i-closed set. Let A = {b, c}. Clearly A is an i-closed
set but not a b-closed set. Thus (X, 7,, <) is .T; space but not
iTp space.

Theorem 11: The spaces 4T, and T4 are independent
notions as will be seen in the following examples

Example 15

Let X = {a, b, ¢}, 7, = {#, X, {a}, {b}, {ab}} and <¢ = {(a,
a): (ba b)s (Cs C)s (b’ a), (a’ C)a (bs C)} Clearly (X’ T]) S6) iS a
topological ordered space. Here closed sets are ¢, X, {b, c} .

d- closed sets are ¢ , X and b-closed sets are ¢ , X. Let A ={b,
c}. Clearly A is a closed set but not a d-closed set. Every d-
closed sets is a b-closed set. Thus (X, 7,,<g is a 4T} space but
not /T4 space.

Example 16

LetX = {ab,c}, 7, = {#, X, {a}} and <, = {(a, a), (b, b), (c,

¢), (a, b), (c, b)}. Clearly (X, 7,, <) is a topological ordered
space. Closed sets are ¢, X, {b, ¢ }. d-closed sets are ¢, X,

{b, c}. b-closed sets are @, X. Clearly every closed set is a d-

closed set where as every d-closed set is not a b-closed set.Let
A = {b,c}. Clearly A is a closed set but not a b-closed set. Thus

(X, 7,, <y is T4 space but not 4T, space.

Theorem 12: The spaces iT;1, and , Ty 1, are independent
notions as will be seen in the following examples

Example 17

Let X = {a, b, c}, T, = {@,X, {a}, {b}, {ab}, {a, c}} and
<= {(a, a), (b, b), (c, ), (b, ¢), (c, a), (b, a)}. Clearly (X, 7,
<5 is a topological ordered space. Here i-closed sets are @, X,
{a, c} . ig- closed sets are @, X, {a, c} and b-closed sets are
@ , X bg- closed sets are @, X, {b}. Clearly every ig-closed set
is an i-closed set. So(X, T¢, <y is {Ti» space. Let A = {b} .
Clearly A is a bg-closed set but not a b-closed set. Thus (X,

T4, <yyisnota Ty, space.

Example 18

Let X = {a,b, c}, 7, = {¢, X, {a}} and <, = {(a, a), (b, b), (c,
¢), (a, b), (b, ¢), (a, ¢)}. Clearly (X, 7,,<) is a topological
ordered space. i-closed sets are @, X, {b, ¢ }. ig-closed sets are

¢, X, {c}, {b, ¢} and b-closed sets are ¢ , X. Clearly every

bg-closed set is a b-closed set. Let A = {c}. Clearly A is an ig-
closed set but not an i-closed set.

Hence (X, 7,, <j)is ,Ty,1,2 space but not a ;T; ; ,space.

Theorem 13: The spaces 4Tq1, and , Ty, are independent
notions as will be seen in the following examples

Example 19
Let X = {abc}, 7, = {#, X, {a}} and <, = {(a, a), (b, b), (c,
¢), (a, b), (c, b)}. Clearly (X, 7,, <) is a topological ordered

space. d-closed sets are ¢ , X, {b, ¢ }. dg-closed sets are ¢ , X,

{c}, {b, c}. bg-closed sets are ¢, X and b-closed sets are @,

X. Clearly every bg-closed set is a b-closed set. Let A = {c}.
Clearly A is a dg-closed set but not a d-closed set. Hence (X,

T,, <y is a Ty, space but not a 4Ty, space.

Example 20

LetX={a,b,c}, 7, ={¢,X, {a}, {b}, {a,b}, {a,c}} and



<7 = {(a, a), (b, b), (c, ¢),(b, ¢), (c, a), (b, a)}. Clearly (X, T,
<) is a topological ordered space. Here d-closed sets are @, X,
{b}, {b, c} . dg- closed sets are @, X, {b}, {b, c} and b-closed
sets are @, X bg- closed sets are @, X, {b} . Clearly every dg-
closed set is a d-closed set. So(X, T4, <7)is ¢Tq, space. Let A

= {b} . Clearly A is a bg-closed set but not a b-closed set. Thus
(X, T4, <yyisnota Ty ) space.

Theorem 14: The spaces Tiy, and , Ty, are independent
notions as will be seen in the following examples

Example 21

Let X = {a, b, c}, Ty, = {@,X, {a}, {b}, {ab}, {a, c}} and
<= {(a, a), (b, b), (c, ¢),(b, ¢), (c, a), (b, a)}. Clearly (X, T,
<) is a topological ordered space. Here i-closed sets are @, X,
{a, c} . ig- closed sets are @, X, {a, c} and b-closed sets are
@, X bg- closed sets are @, X, {b} . Clearly every ig-closed
set is an i-closed set. So (X, T, <7) is {Tj» space. Let A =

{b}. Clearly A is a bg-closed set but not a b-closed set. Thus
(X, 7,,<¢) isnot a , T}, 1> space.

Example 22

Let X = {a,b, ¢}, 7, = {¢, X, {a}} and <, = {(a, a), (b, b), (c,
¢), (a, b), (b, ¢), (a, ¢)}. Clearly (X, 7,,<) is a topological
ordered space. i-closed sets are @, X, {b, ¢ }. ig-closed sets are

¢, X, {c}, {b, c} and b-closed sets are ¢ , X . Clearly every

bg-closed set is a b-closed set. Let A = {c}. Clearly A is an ig-
closed set but not an i-closed set.

Hence (X, 7,, <) is »Tp, 112 space but not a ;T; ; ,space.

Theorem 15: Every ;Tpspace isan , T 3, Space
Proof

Let be (X, 7, <) iT}, space. Now we (X, 7, <) is a ,T p1p
space. Let A be a bg-closed set. Then A is an ig-closed set.
Since (X, 7, <) is T}, space then A is a b-closed set. Therefore
every bg-closed set is a b- closed set Hence every ;T}, space is
an , Ty, /2 Space.

The converse of the above theorem need not be true. This
will be justified from the following example.

Example 23

LetX ={a,b,c}, 7, = {@#, X, {a},{b}, {a,b}} and <, = {(a,
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a), (b, b), (c, ¢), (a, b), (b,c),(a,c)}. Here i-closed sets are ¢ , X,
{c},{b,c}. b-closed sets are @, X and bg-closed sets are ¢, X.

Let A = {c} or {b, c}. Clearly A is an i-closed set but not a b-
closed set. Every bg-closed sets is a b-closed set. Thus (X,

7,,<1) is apTh12 space but not i Ty, space.

Theorem 16: Every 4Tpspace isan , T 1, Space
Proof

Let be (X, 7, <) 4Ty space. Now we (X, 7, <) is a ,T pu
space. Let A be a bg-closed set. Then A is a dg-closed set.
Since (X, 7, <) is 4T}, space then A is a b-closed set. Therefore
every bg-closed set is a b- closed set Hence every 4Ty, space is
an , T},12 space. The converse of the above theorem need not be
true. This will be justified from the following example.

Example 24

Let X = {a, b, c}, 7, = {@, X, {a}, {b}, {ab}} and <, = {(a,
a)7 (b: b)a (C’ C)7 (a7 b)a (C’ b)} Clearly (X7 T]a SZ) iS a
topological ordered space. Here b-closed sets are ¢, X. d-

closed sets are ¢, X, {c}, {b, c} and bg-closed sets are ¢, X.

Let A = {c} or {b, c}. Clearly A is a d-closed set but not a b-
closed set. Every bg-closed sets is a b-closed set where as every

d-closed set is not a b-closed set. Thus (X, 7,,<;) is a ,Ty 12
space but not 4T}, space.

Theorem 17: Every ;T space is an Ty, Space
Proof

Let (X, 7, <) be {T}, space. we show that (X, 7, <)is a T}
space. Let A be a ig-closed set. Since (X, 7, <) is Ty, space
then A is a b-closed set. Then A is a closed set. Thus every i-
closed set is a closed set. Thus every ;T space is ; T}, space.

The converse of the above theorem need not be true. This
will be justified from the following example.

Example 25

Let X = {a, b, c}, 7, = {#, X, {a},{b},{a, b}} and <, = {(a,
a), (b, b), (c, ¢), (a, b), (b,c), (a,c)}. Here ig-closed sets are ¢ ,

X, {c},{b,c}. b-closed sets are ¢, X and closed sets are ¢, X,

{c}, {b, c}, {c, a}. Let A = {c} or {b, c}. Clearly A is an ig-
closed set but not a b-closed set. Every ig-closed sets is a

closed set. Thus (X, 7,,<))is a T, space but not T/, space.
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Theorem 18: Every 4Ty space is an 4T, Space
Proof

Let (X, 7, <) be 4Ty, space. we show that (X, 7, <) is a (T,
space. Let A be a dg-closed set. Since (X, 7, <) is 4Ty space
then A is a b-closed set. Then A is a closed set. Thus every dg-
closed set is a closed set. Thus every (T}, space is 4T, space.

The converse of the above theorem need not be true. This
will be justified from the following example.

Example 26

Let X = {a, b, c}, 7, = {@, X, {a},{b}.{ab}} and <, = {(a,
a): (bs b)9 (C’ C)a (a> b)s (C> b)} Clearly (Xs T]) 52) iS a
topological ordered space. Here b-closed sets are ¢, X . dg-

closed sets are @, X, {c}, {b, ¢} and closed sets are ¢, X, {c},
{b, c}, {c, a}. Let A = {c} or {b, c}. Clearly A is a dg-closed
set but not a b-closed set. Every dg-closed sets is a closed set
where as every d-closed set is not a b-closed set. Thus (X,

7,,<1) is a 4T/, space and not a 4T}, space.

Theorem 19: The spaces (T; and 4T, are independent
notions as will be seen in the following examples

Example 27

Let X = {a, b, ¢}, 7, = {@, X, {a}, {b},{a,b}} and <, = {(a,
a), (b, b), (c, ¢), (a, b), (b, ¢), (a, ¢)}. Clearly (X, 7;, <)) isa
topological ordered space. Here b-closed sets are ¢, X, {c}. d-
closed sets are ¢ , X . Closed sets are ¢ , X, {c}, {b, c}, {a, c}.

i-closed sets are @, X, {c}, { b, c}. Let A = {a, c}. Clearly A is

a closed set but not an i-closed set. .Every d- closed set is a b-
closed set where as every closed set is not an i-closed set. Thus

(X, 7,,<1is a 4Ty space and not a . T; space.

Example 28

Let X = {a, b, c}, Ty, = {@#, X, {a,b}} and <; = {(a, a), (b, b),
(c, ¢, (a, b), (a, c)}. Clearly (X, Tg, <3) is a topological
ordered space. Here b-closed sets are ¢, X, {c} . d-closed sets
are @, X, {c}, {b, c} and closed sets are @, X, {c}. i-closed

sets are @, X, {c}. Let A = {b, c}. Clearly A is a d-closed set
but not a b-closed set. Every closed sets is an i-closed set where
as every d-closed set is not a b-closed set. Thus (X, 7,,<;yis a
cTispace and not a 4T, space.

Theorem 20: The spaces 4Tq12 and iT;y, are independent
notions as will be seen in the following examples

Example 29

Let X = {a,bc}, 7, = {@, X, {a}, {a, c}} and <; = {(a, a), (b,
b), (¢, ¢), (a, b), (a, ¢)}. Clearly (X, 7,, <3) is a topological
ordered space. dg-closed sets are @, X, {a, b }. d-closed sets
are ¢, X . ig-closed sets are ¢, X, {b} and i-closed sets are

@, X {b}. Clearly every ig-closed set is an i-closed set. Let A
= {a, b }. Clearly A is a dg-closed set but not a d-closed set.
Hence (X, 7,, <3 is aTj, space but not a 4Tq,, space.

Example 30

Let X = {ab,c}, 7, = {@, X, {a}} and <, = {(a, 2), (b, b), (c,
c), (a, b), (c, b)}. Clearly (X, 7,, <) is a topological ordered
space. dg-closed sets are @, X. d-closed sets are @, X . ig-

closed sets are ¢, X, {c}, {b, c} and an i-closed sets are ¢, X,

{b, c}. Clearly every dg-closed set is a d-closed set. Let A =
{c}. Clearly A is an ig-closed set but not a i-closed set. Hence

(X, 7,, <) is a 4Ty, space but not a iTj 1, space.

Theorem 21: The spaces 4Tq1, and 4T, are independent
notions as will be seen in the following examples

Example 31

Let X = {a,bc}, 7, = {@, X, {a}, {a, c}} and <3 = {(a, a), (b,
b), (¢, ¢), (a, b), (a, ¢)}. Clearly (X, 7,, <3) is a topological
ordered space. dg-closed sets are ¢, X, {a, b}. d-closed sets

are @, X. b-closed sets are @, X . Clearly every d-closed set is
a b-closed set. Let A = {a, b}. Clearly A is a dg-closed set but
not a d-closed set. Hence (X, 7,, <3) is a 4T} space but not a
aTa.1/2 space.

Example 32

Let X = {a, b, ¢}, 7}, = {@, X, {a},{b},{ab}} and <4 = {(a,
a)7 (bs b): (C, C): (a? b)’ (Cs b)} Clearly (Xs T]) S4) iS a
topological ordered space. Here b-closed sets are ¢, X . d-

closed sets are ¢ , X, {c, a}. dg- closed sets are ¢, X, {c, a}.

Let A = {a, c}. Clearly A is a d-closed set but not a b-closed
set. Every dg-closed set is a d-closed set where as every d-

closed set is not a b-closed set. Thus (X, 7;,<4)is a 4Tq,,» space
and not a 4T} space.



Theorem 22: The spaces iTii;, and T4 are independent
notions as will be seen in the following examples

Example 33

Let X = {a, b, ¢}, 7, = {@, X, {a}, {b},{a,b}} and <, = {(a,
a), (b, b), (c, ¢), (a, b), (b, ¢), (a, ¢)}. Clearly (X, 7, <)) is a
topological ordered space. Here d-closed sets are ¢, X. i-

closed sets are ¢, X, {c}, {b, ¢} .ig- closed sets are ¢, X, {c},
{b, c}. Let A= {c} or {b, c} or {a, c}. Clearly A is a closed set
but not a d-closed set. Every ig-closed set is an i-closed set

where as every closed set is not a d-closed set. Thus (X, 7,,<)
is a {Ti 2 space and not a ;T4 space.

Example 34

Let X = {abc}, 7, = {@, X, {a}} and <, = {(a, a), (b, b), (c,
c), (a, b), (c, b)}. Clearly (X, 7,, <) is a topological ordered
space. ig-closed sets are ¢, X, {b}, {a, b }. d-closed sets are

¢ , X, {b, c}. i-closed sets are ¢ , X and closed sets are ¢, X,

{b, c}. Clearly every closed set is a d-closed set. Let A = {b} or
{a, b}. Clearly A is an ig-closed set but not an i-closed set.

Hence (X, 7,, <;)is a /T4 space but not a ;T; ;,, space.

Theorem 23: The spaces iTiy, and T, are independent
notions as will be seen in the following examples

Example 35

Let X = {abe}, 7, = {#, X, {a}} and < = {(a, ), (b, b), (¢,
¢), (a, b), (c, b)}. Clearly (X, 7,, <) is a topological ordered
space. ig-closed sets are ¢, X, {b}, {a, b }. b-closed sets are

@, X. i-closed sets are @, X. Clearly every i-closed set is b-
closed set. Let A = {b} or {a, b}. Clearly A is an ig-closed set
but not an i-closed set. Hence (X, 7,, <) is a T, space but not
aiTi 1, space.

Example 36

Let X = {a’ b> C}a T]’ = {¢7 Xa {a}a{b}:{aab}} and Sl = {(a7
a), (b, b), (¢, ¢), (a, b), (b, ¢), (a, ¢)}. Clearly (X, 7}, <) is a
topological ordered space. Here b-closed sets are @, X . i-

closed sets are @, X, {b}.ig- closed sets are @, X, {b}, {a, b}.

Let A = {b} or {a, b} . Clearly A is an ig-closed set but not an
i-closed set. Every i-closed set is a b-closed set where as every

ig-closed set is not an i-closed set. Thus (X, 7,,<;) is a Ty
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space and not a ;T; ;» space.

Theorem 24: Every qTg121S a g T, Space
Proof

Let (X, 7, <) be 4T, space. we show that (X, 7 ,<)isa 4T
space. Let A be a dg-closed set. Since (X, 7 , <) is 4T4,/2 space
then A is a d-closed set. Then A is a closed set. Thus every dg-
closed set is a closed set. Thus every 4Tq.1,2 space is 4T/, space.

The converse of the above theorem need not be true. This
will be justified from the following example.

Example 37

Let X = {a,bc}, 7, = {@, X, {a}, {a, c}} and <, = {(a, ), (b,
b), (c, ¢), (a, b), (¢, b)}. Clearly (X, 7,, <) is a topological
ordered space. dg-closed sets are @, X, {b, c }. Closed sets are

@, X, {b}, {b, c}. d-closed sets are @, X . Clearly every dg-
closed set is a closed set. Let A = {b, c}. Clearly A is a dg-
closed set but not a d-closed set. Hence (X, 7,, <) is a ¢T1p
space but not a 4T4 ), space.

Theorem 25: Every T;is a Ty, Space
Proof

Let (X, 7, <) be ;T space. we show that (X, 7, <) is a T,
space. Let A be an ig-closed set. Since (X, 7 , <) is ;T2 space
then A is an i-closed set. Then A is a closed set. Thus every ig-
closed set is a closed set. Thus every ;T space is T}, space.
The converse of the above theorem need not be true. This will
be justified from the following example.

Example 38

Let X = {abc}, 7, = {#, X, {a}, {a, c}} and < = {(a, a), (b,
b)a (Ca C)a (b9 a)a (ao C)a {ba C) } Clearly (Xa 2-49 S6) is a
topological ordered space. ig-closed sets are ¢, X, {b, c}.

Closed sets are @, X, {b}, {b, c}. i-closed sets are @, X.

Clearly every ig-closed set is a closed set. Let A = {b, c}.
Clearly A is an ig-closed set but not an i-closed set. Hence (X,

T,, <»)is a Ty, space but not aT;;,, space.

Theorem 26: Every Ty 1215 a Ty Space
Proof

Let (X, 7, <) be Ty, 12 space. We show that (X, 7 ,<)isa T
space. Let A be a bg-closed set. Since (X, 7, <) is , Ty, 12 space
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then A is a b-closed set. Then A is a closed set. Thus every bg-
closed set is a closed set. Thus every , Ty 12 space is , 12 space.

The converse of the above theorem need not be true. This
will be seen in the following example.

Example 39

Let X = {abc}, 7, = {#.X, {a}, {a,¢}} and < = {(a, ), (b,
b), (c, ¢), (a, b), (a, ¢)}. Clearly (X, 7,, <3) is a topological
ordered space. bg-closed sets are @, X, {c}. Closed sets are

¢ , X, {b, ¢} . b-closed sets are ¢ , X . Clearly every dg-closed
set is a closed set. Let A = {b, c}. Clearly A is a dg-closed set
but not a d-closed set. Hence (X, 7,, <) is a 4T space but
not a 4Tq,/, space.

CONCLUSION
In this paper, we introduced iTj 12, ¢Ta .12, 6 Tv,112, i T 12, aTi2, v 112,

new class of spaces using g-closed type sets in topological
ordered spaces and studied various relationships between them.
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