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Abstract

This research work is aimed at constructing a class of explicit integrators with improved stability
and accuracy by incorporating an off-gird interpolation point for the purpose of making them
efficient for solving stiff initial value problems. Accordingly, continuous formulations of a class
of hybrid explicit integrators are derived using multi-step collocation method through matrix
inversion technique, for step numbers k = 2,3,4. The discrete schemes were deduced from their
respective continuous formulations. The stability and convergence analysis were carried out and
shown to be A(a)-stable and convergent respectively. The discrete schemes when implemented
as block integrators to solve some non-linear problems, it was observed that the results obtained
compete favorably with the MATLAB ode23 solver.
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1 Introduction

Most of the ordinary differential equations (ODEs) arising from modeling real life problems cannot
be solved analytically, hence the need to seek for approximate solutions using numerical methods.
As such, the importance of numerical methods cannot be over emphasized. To solve stiff ODEs,
various scholars have made several attempts to come up with various methods of solution. Consider
the initial value problem (IVP)

Y = f(z,y), y(xo) =yo a<z<b (1.1)

where a and b are finite, with the assumption that (1.1) has a unique continuously differentiable
solution y(z). So far common numerical methods that have been developed for solving (1.1) are
one-step methods. On the other hand, multistep methods attempt to gain efficiency by keeping
and using the information from the previous steps. A method is called Linear Multi-step Method
(LMM) if a linear combination of the values of the computed solution and possibly its derivative in
the previous points are used. A k - step LMM is given as:

k k
> ayni; =h > Bif (@ntsr Ynts) (1.2)
j=0 j=0

where o, ; are constants called the coefficients of the method with the assumption that o +£2 > 0
and ap # 0. The method is explicit if Sx = 0 and implicit if Sx # 0. Most conventional methods
have self starting value issues which could lead to growing numerical errors and corrupting further
approximations [1]. To resolve this issue, [2] proposed block Linear Multistep methods based
on the multi-step collocation approach of Lie and Norsett [3]. These methods were developed
through the continuous formulation of the linear k-step methods which provided sufficient number
of simultaneous discrete methods to be used as single integrators. These methods have been useful in
handling stiff equations due to their better stability properties. The following researchers, [4, 5, 6, 7]
and [3] have developed block linear multi-step methods that have better stability properties. Implicit
LMDMs like backward differentiation formulae (BDF) have been considered to be best for solution of
stiff initial value problems. However, the explicit linear multi-step methods enjoy some advantages
comparing to the implicit methods. The most important advantage of an explicit method is that
there is no need to solve any implicit system or involve any iterative procedure in each time step
[8]. Thus, it involves far less computational effort in each time step when compared to an implicit
method [9, 10, 11]. Researchers like [12, 13, 14, 15] among others have developed reliable explict
methods for stiff ODEs. Explicit methods in general, are considered to be inefficient for solving
stiff problems, due to their low accuracy and poor stability properties. Consequently, this paper
is aimed at constructing explicit methods with improved accuracy and better stability properties,
by incorporating an off-grid interpolation point. The first section has the introduction, the second
includes the derivation techniques. In the third section, the convergence and stability analysis are
carried out while in the last section we test the strength of these new methods by solving some
non-linear ODEs.
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2 Derivation Techniques

2.1 Derivation of multistep collocation method

The method carried out by Onumayi et al. [2] shall be used in this derivation, where a k-step
collocation method was obtained as:

Zaj T)Yntj +h Z Bi(@) f(z5,y(x5)); Tn <2 < Totk (2.1)
7=0

where t denotes the number of interpolation points and m denotes the number of distinct collocation
points. The continuous coefficients of (2.1), a;j(z) and B;(x) are defined as;

t+m—1 )
Z a]',i+1xl7 .] € {07 17 e 7t_ 1} (22)
1=0
t+m—1
hB;(z) = h Z Bi, ', je {0,1,---,m—1} (2.3)

To get a;(x) and SB;(x), [2], arrived at a matrix equation of the form:
DC =1 (2.4)

where I is the identity matrix of dimension (¢+m) x (t+m) while D and C are matrices defined as;

- 2 t+m—1 8
1 Tp Ty Tt
2 t+m—1
RSP A
_ 2 t+m—1
D= |1 Zpyt-1 Toig 1 - A (2.5)
0 1 220 (t+m—1) fym=2
t 2
10 1 21 (t+m — 1) frm=2 |
Q0,1 Qi1 Qt—1,1 hBo,1 hBm-1,1
Qo,2 1,2 cen 1,2 hBo,2 e hBm—1,2
C= (2.6)
a0, t+m Ol t+m °° Ot—1,t4+m hﬁo,ter s hﬁmfl,tﬁ»m

From (2.4) it follows that C = D™!, where the columns of C gives the continuous coefficients of the
continuous scheme (2.1). Using this idea, the continuous formulation of the explicit method with
an off-grid interpolation point is given as;

Z% T)Yn+j + (@) Yntp + bBr-1 () f(Tnir—1,y(Tntr-1))] (2.7)

where p ¢ {0, k}
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2.2 Derivation of continuous formulation for two-step explicit
method incorporating one off-Grid interpolation point

In this method, we incorporate one off-grid point at x = T,y1 83 interpolation point, thus
k=2,t=3,m =1 and (2.7) becomes

yY(@) = ao(@)yn + 1 (T)yni1 + a1 (€)Y, 7 + hB1(2) fata (2.8)

and the D matrix in (2.5) becomes;

T 9331 33%

Tn+h  (zn+h)?  (zn+h)?
T+ Ih (@n+ IR (20 + Ih)
1 22, +2h  3(x, + h)?

(2.9)

O = =

Using maple 18 software, the inverse C = D~! of the D matrix is obtained, which gives the
continuous scheme as;

y(z) = 7%}%[3h2 = 5h(z — xn) +2(z — ) Jyn + 275 [Th° — h(z — zn) — 6(z — xn) [Yn+1+
6—?%[ —4h(z — z5) + 3(z — Jcn)Q]ynJrZ — %%[7 h? — 22h(z — zpn) + 12(z — mn) 1 frt1
(2.10)
Evaluating (2.10) at = Tp+2, and its derivative at x = Ty T Ttz WE obtain;

1 8 128

Ynt2 = ZYn = gYnt1 + o Yoz — ,han
27 245 147 21

yn+% = ﬁyn + ﬁynﬂ 272 —hfnt1 + 8hfn+§ (2,11)

27 160 33
et = ~Jggon + ggihe] ~ gghfes = gghtn:

2.3 Derivation of continuous formulation for three-step explicit
method incorporating one off-grid interpolation point

In this method, we incorporate one off-grid point at z =z, , 1 as interpolation point, thus
k=3,t=4,m =1 and (2.7) becomes;

Y(@) = ao(2)yn + 1 (2)ynt1 + @2(2)ynt2 + @11 (€)Y, 1+ hB2(2) fat2 (2.12)

and the D matrix in (2.5) becomes;

1 Tn xi :cf’l xﬁ
1 xn+h (xzn + )2 (xzn + h)3 (xn + h)?
D=1 2,+2h (zn+2h)? (zn+2h)°® (2,+2R)* (2.13)
1 xn+ lleh (mn + %h)2 (xn + %h)g (mn + ljlh)zl
0 1 2z, +4h  3(zn +2h)°  A(zn +2R)°

Using Maple software, the inverse C' = D~! of the D matrix is obtained, which gives the continuous
scheme as;

y(z) = — 3577 [104h° — 174 (z — mn) + 93h(x — x4)? — 16(z — )’ |yn+

%[44h3 120h2(x — x5) + 81h(z — 2n)? — 16(x — 24)*|ynt1—

—[88h3 —262h%(x — x,) + 141h(z — 2,)? — 16(2 — 1) ynt2— (2.14)
250 L [4h® — 16h* (x — @) + 15h(z — zn)® — 4(z — xn)s]ywr%—#

X
h%[22h3 82162 (x — 2 + 69h(z — n)? — 16(x — ©4)%] fri2
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Evaluating (2.14) at £ = zpn+3, and its derivative at * = Tp41, Ty oy 11, Tpts We obtain;

1 3 5 512

Ynts = 55Un = ZYnt1 — gUnt2 + 31 Ynt it hfnia2
1323 3267 41503 17787
N R . L . hfois + 25kp 2.1
Ynt it = “53a0s¥n T 1331297 T 5328Vt T 600 e T 832 Fos 1 (2.15)
_ 17 684 17408 20, 36,
Yn+2 = 9539Yn T 973 Yt T o703t T 139" 2 T 139 n+3
49 343 256

7
*hfnﬁ»l - %hfnJrZ

S TR ST

Yn+1 = _@yn + %

2.4 Derivation of continuous formulation for four-step explicit
method incorporating one off-grid interpolation point

In this method, we incorporate one off-grid point at x = Toy15 a8 interpolation point, thus
k=4,t=5m =1 and (2.7) becomes;

y(x) = ao(®)yn + 1 ()ynt+1 + a2(2)ynt2 + @3(2)yn+s + o 75( )ynJr% + hBs(x) frts (2.16)

and the D matrix in (2.5) becomes;

Tn 2 x2 zk xd

Tn +h (zn + h)? (zn + h)? (zn + h)4 (zn + h)5
Tn+2h (T 4+20)2 (zn+20)% (z, +2R)* (zn +2R)°
Tn+3h (v, +3h)*  (zn+3h)°®  (zn+3R)* (@, +3h)°
Tn+ 2h (2n+ 2Rh)? (a4 2h)° (zn+ 2R) (zn+ 2h)°
1 22, +6h  3(xn +3h)2  4(x, +3h)%  5(z, +3h)*

(2.17)

O =

Using Maple software, the inverse C' = D ™' of the D matrix is obtained, which gives the continuous
scheme as;

270h° — 657h*(x — @y) + 591h3 (@ — @)% — 25102 (2 — 20)° + 51h(z — @n)* — 4(z — 20)%]yn
[270h* (z — zpn) — 387Th3 (2 — @) + 204R3 (z — 2% — 4Th(z — xp)?* + 4(z — a:n)5]yn+1

[135h% (z — ) — 26103 (¢ — 2)2 + 16582 (z — 24,)3 — 43h(z — 2n)? + 4(z — 2n)%]ynto
[

y(x) = 535
1

o 150h4(r — 1) — 295h3 (5 — 2n)? + 188h2 (@ — 2)3 — ATh(z — 2n)d + 4(z — 21)%lynts (2.18)
+ 110"3,3945 (18R (2 — @n) — 39h3 (z — @n)? + 29h% (& — 2,,)% — 9h(z — zn)? + (2 — 2n)5y 15
nt 15
71—18%4[9%4(1 —zpn) —189R3(z — x,)% + 134h% (z — ©,)3 — 39h(z — zn)* 4+ 4(z — zp)° ]fn+3
Evaluating (2.18) at © = Zn44, and its derivative at = Tp41, Tn+2, Ty 15, Tnta WE obtain;
1 2 6 2 8192 4
Yn+a = 5yn + yn+1 7yn+2 - gyn+3 + %y“% - ghfn+3
5929 99225 245025 741125 444675 1155h
Unt 2P = 571004Y" T T143808 7" T 571004 Y7 T 114308Vt T 571904 ffnts + Tagg s 3p
Ynt3 = —%yn + %?ﬁwl - %ynn + %yrﬁ% 146 hfn+3 ghfn+4 (2.19)
49 49 49 4096 14 98
Yn+2 = 5ooxln = JepYn+i + 15 Yn+s + 39075 Int18 ~ ﬁhfnﬁ - ﬁhfnﬁs
242 242 121 4096

-~ + T _th +Eh‘f
Yntt = 700259 T 10592 T 135 T 14175 nt R T 15 It T 35t s

3 Analysis of the New Block Methods

Here convergence analysis and plots of region of absolute stability of the newly constructed methods
are considered.
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3.1 Zero stability analysis of the new block explicit methods

Following Fatunla [16], the block schemes can be represented as:

AV yri = Ay + hBW £ (3.1)

The block method (2.11), expressed as (3.1):

where;
1 -2 0 00 2 -3 0 —5
(W _ |_215 ) _ e m_ |18 2 38
AV = —@ 1%8 0],A" =10 0 —55 | B = 2—7% 55 0
5 o= 1 0 0 H -3 0 0

The first characteristic polynomial of the block method (2.11) is given by

p(A) = det(AAD — A

1 =10 0 0 2%
= p(A) = |\ —2% }28 0 0 0 —%
27 5 27 o
—— N - N =0
323 323
S A=-1,0,0

Since |A;| < 1,4 =1,2,3 then, by Fatunla [16], the block method (2.11) is zero stable.

Similarly the block explicit method (2.15) given as (3.1):

where;

w0

43 256 49 T 49

1 — — =2 0 0 0 0 — — == 0 0
(1) 684 IiQG — 1]’})4%)8 0 (0) 0 0o o0 74%‘7 (1) (}1 — ﬁ 0 _ 36
.
AV = 95 41503 10703 o4 7 =10 o o 1433 | . BV = o 17788 231 639
13312 53248 o 53348 26624 32
= % - 331 1 0 0 0 — 35 0 —1 0 0

The first characteristic polynomial of the block method (2.15) is given by
p(A) = det(AAD) — A)

=AY — A0 =0

343 256 49
1 — 306 —iosg O 0 0 O 5
o 1 —i70s O 000 %;Q
= p(A) = |A 97 41503 10 - 1333
- 13312 - 5%;48 %12 0 0 00 53248
1323 A4 1323 N —o

19877 19877
-~ A=-1,0,0,0

Since |A;| < 1,4 =1,2,3,4 then, by Fatunla [16], the block method (2.15) is zero stable.
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Similarly the block explicit method (2.19) expressed as (3.1):

where;
1 _ 243 17} 4096r 0 0 0 0 0 242r
419 10 ) b o o o o ‘3
A(l) — 1654 711 145 _FED 0 A(O) —lo o o o 3925
00338 ~bos 741105 Y o 0 0 o __8% |
1143%08 57&904 1163808 8192 5711904
Tt 7 3 T 3465 1 0 0 0 0 a5
_Té 014 129})8 0 0
0 —5= = 0 0
a _ 15 118 18
444675 1155
0 0 571904 1i6s 0
0 0 -3 0 0
The first characteristic polynomial of the block method (2.19) is given by
p(N) = det(AAD) — A
=AW —AO =0
242 121 4096 242
A T R I
) 2 6% 7}1 B B 0 0.0 00 s
= = —= = 1 — = o[-0 0 0 O o
r 00338 Sikbes 741125 56595 0 00 0 0 — Bo
1143508 571904 1143808 102 571904
11 7 3 T 3465 1 00 00 45

o 583443000 5 583443000 4
627952168909 627952168909

S A=-1,0,0,0,0

Since |A;| < 1,4 =1,2,3,4,5 then, by Fatunla [16], the block method (2.19) is zero stable.

3.2 Order and error constant of the new block Hybrid explicit
methods, k=2,3,4.

Table 1. Order and Error Constant of Scheme (2.11), (2.15), and (2.19)

Evaluating points Order Error Constants
k=2 k=3 k=4 k=2 k=3 k=4 k=2 k=3 k=4
y'(z = wpny2) y' (2 =wpni1) y' (2 =wpni1) 3 4 5 Ta2s — 5395 TOo55
Vie=e, ) | VE=onts) v/ (x = ony2) 3 4 5 — 33515 a5 ~ 16560
Vo= | Ve=e, ) [ Ve=mn | 8 | 4 | s & | —amen | o
R B I eTY s | s & | A
y(@ =xnia) 5 L

By the analysis above, the block method for k = 2, 3,4, are zero stable and has order p > 1. Thus
by Henrici [17], the block explicit methods (2.11), (2.15), and (2.19) are convergent.
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3.3 Plots of stability region of the new methods

The stability analysis and plots of region of absolute stability for schemes (2.11), (2.15) and (2.19)
will be considered. Using Maple software, we obtain matrix P = r x (A(l) —Z% B<1>) — A® | where
A® BM and A© are as defined in the previous section. The determinant of P was obtained and
the derivative of the determinant was computed for the schemes. This information was used in a
MATLAB code to obtain the region of absolute stability for each of the methods. The region of
absolute stability is the area outside the enclosure in Fig. 1, 2 and 3 below.

Im(z)

Re(z)

Fig. 1. The region of absolute stability for Scheme (2.11)

Imi(z)

Rei{z)

Fig. 2. The region of absolute stability for Scheme (2.15)
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05h

Im(z)
o

S R T L e

Re(z)

Fig. 3. The region of absolute stability for Scheme (2.19)

4 Implementation and Conclusion

4.1 Implementation

We test the strength of these block methods by solving some non-linear systems of first Order
ODEs.

Problem 1

, [—10004y1 10000y5 }

Yy = 3
Y1 —y2(1+y3)

y(0) = F] h=0.1,z € [0,20]

Exact solution

Problem 2: Lotka Volterra equation

r_ 1.2y1 —0.6y1y2
—0.8y2 0.3y1y2

y(0) = m ,h=0.001,z € [0,20]

Problem 3: Robertson chemical equation
y1 = —0.04y1 4+ 10000y2y3
yh = 0.04y1 — 10000y2y3 — 3.0 x 10743
ys =3.0 x 107y2
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Solving Problem 1, 2 and 3, we used MATLAB software to solve the non-linear systems.
solution curve using (2.11), (2.15) and (2.19) are given in Fig 4, Fig 5 and Fig 6. respectively.

solution(y)

1
y(0) = [0],0 < = <400, h = 0.0001
0

12 T T T T T T T T T
num?
1+ num2 ||
| 0de23.1
\ 0de23.2
0B8R
|\
B 06l =
g 4
3 § &
804 \ 4
o2t \ g
o} o
02 L L 1 1 L L 1 L 1
0 2 4 6 8 10 12 14 16 18 20

time(t)

Fig. 4. The solution curve of problem 1 with Scheme (2.11)

numf
6 Ll T |l T - Ll ) I L] numz
5k /‘ \ \*\ /ﬁ \ 0de23.1
r A \ 0de23 2
4/ \ \ / \ B
/ X / R # )r‘\\
3F 7% i \ ‘~,‘ J
/ \ 7 \ / \
2F . \ y / / \ N / / 3 4
A N\ N, N\
e h e < L _‘,./ |
0 | | | | | | 1 1 |
0 2 4 B 8 10 12 14 16 18 20
time(t)

Fig. 5. The solution curve of problem 2 with Scheme (2.15)

L y L num1
L num2
& num3

L e = - T ——— Ode2as!

e —— . 0Ode23s2

= = 0de23s3

/ L 1 L 1 L
0 5 10 15 0 2 20 E3 40

time(t)

Fig. 6. The solution curve of problem 3 with Scheme (2.19)

The
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4.2 Solutions of Scheme (2.11) and Scheme (2.15) for Problem 1

Table 2. Numerical and Exact solutions of problem 1 using Scheme (2.11) and (2.15)

x Exactl Exact2 Numericall Numerical2
Scheme(2.11) | Scheme(2.15) | Scheme(2.11) | Scheme(2.15)
0.1 6.703E-01 9.048E-01 6.196E-01 6.195E-01 9.049E-01 9.048E-01
0.2 | 4.493E-01 8.187E-01 4.153E-01 4.152E-01 8.188E-01 8.187E-01
0.3 3.012E-01 7.408E-01 2.784E-01 2.783E-01 7.409E-01 7.408E-01
0.4 2.019E-01 6.703E-01 1.866E-01 1.866E-01 6.704E-01 6.703E-01
0.5 1.353E-01 6.065E-01 1.251E-01 1.251E-01 6.066E-01 6.065E-01
0.6 9.070E-02 5.488E-01 8.390E-02 8.380E-02 5.489E-01 5.488E-01
0.7 6.080E-02 4.966E-01 5.620E-02 5.620E-02 4.966E-01 4.966E-01
0.8 | 4.080E-02 | 4.493E-01 3.770E-02 3.770E-02 4.494E-01 4.493E-01
0.9 2.730E-02 4.066E-01 2.530E-02 2.530E-02 4.066E-01 4.066E-01
1.0 1.830E-02 3.679E-01 1.690E-02 1.690E-02 3.679E-01 3.679E-01
1.1 1.230E-02 3.329E-01 1.140E-02 1.130E-02 3.329E-01 3.329E-01
1.2 8.200E-03 3.012E-01 7.600E-03 7.600E-03 3.013E-01 3.012E-01
1.3 5.500E-03 2.725E-01 5.100E-03 5.100E-03 2.726E-01 2.725E-01
1.4 3.700E-03 2.466E-01 3.400E-03 3.400E-03 2.467E-01 2.466E-01
1.5 2.500E-03 2.231E-01 2.300E-03 2.300E-03 2.232E-01 2.231E-01
1.6 1.700E-03 2.019E-01 1.500E-03 1.500E-03 2.020E-01 2.019E-01
1.7 1.100E-03 1.827E-01 1.000E-03 1.000E-03 1.827E-01 1.827E-01
1.8 7.000E-04 1.653E-01 7.000E-04 7.000E-04 1.654E-01 1.653E-01
1.9 5.000E-04 1.496E-01 5.000E-04 5.000E-04 1.496E-01 1.496E-01
2.0 3.000E-04 1.353E-01 3.000E-04 3.000E-04 1.354E-01 1.353E-01

Comparing solutions of Scheme (2.11) and Scheme (2.15) with the analytical solutions, we deduce
the maximum error.

Maximum error(Scheme (2.11))= y; = 1.000E — 15,y = 4.354E — 07
Maximum error(Scheme (2,15))= y; = 1.000E — 15,y, = 4.768E — 08

4.3 Comparing solutions of Scheme (2.19) with those of Butcher
and Hojjati [5] for problem 3 (Robertson Chemical Equation)

Table 3. Comparison of Scheme (2.19) with Butcher and Hojjati [5]

x Scheme (2.19) Butcher and Hojjati [5]
0.4 | 9.851721137972580E-01 | 9.851721138620630E-01
3.386395378900000E-05 | 3.386395379595400E-05
1.479402218444700E-02 | 1.479402213590220E-02

4 9.055186779860960E-01 | 9.055186784344190E-01
2.240475687100000E-05 | 2.240475693804370E-05
9.445891660335700E-02 | 9.445891599170860E-02

40 7.158270638024940E-01 | 7.158270698910200E-01
9.185534750000000E-06 | 9.185534641631410E-06
2.841637441465430E-01 | 2.841637507954150E-01

400 | 4.505186352019710E-01 | 4.505186908340870E-01
3.222901389000000E-06 | 3.222901061260970E-06
5.494780766336790E-01 | 5.494782035239040E-01
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There is a fair agreement between the results of Scheme(2.19) and that of Butcher and Hojjati [5].
However the method derived by Butcher and Hojjati [5] is second derivative method which should
have an advantage over Scheme (2.19).

5 Conclusions

The methods we derived competes quite well with the in-built ode23 solvers in Matlab. The solution
curves show the performance of the Block Hybrid Explicit Integrators for step numbers k = 2, 3, 4.
These methods are shown to be A(«a)-stable and convergent. Therefore suitable for solution of
non-linear system of first order ODEs.
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