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Abstract
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inhomogeneous differential equation with polynomial coefficients in terms of the Green’s function. In
succeeding papers, Morita gave discussions of this problem on the basis of nonstandard analysis. It was
applied to the hypergeometric, the Hermite, a simple ordinary and a fractional differential equation. In the
present paper, this method is applied to the solutions of inhomogeneous and homogeneous Heun’s differential
equations.
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1 Introduction
In a series of papers, Morita and Sato (2017, 2021) and

Morita (2022, 2023, 2024) studied the problem of obtaining the particular solutions of differential equations by
using the Green’s function and nonstandard analysis. In paper Morita and Sato (2017), this problem is studied
in the framework of distribution theory, where the method is applied to Kummer’s and the hypergeometric
differential equation. In paper Morita and Sato (2021), this problem is studied in the framework of nonstandard
analysis, where a recipe of solution of the present problem is presented, and it is applied to a simple fractional
and a first-order ordinary differential equation. In paper Morita (2022), a compact recipe based on nonstandard
analysis is obtained by revising the one given in Morita and Sato (2021), and is applied to Kummer’s differential
equation.

In Morita (2023), we adopt a recipe without the Green’s function, and is applied to the hypergeometric differential
equation, the differential equations treated in Morita and Sato (2021) and the Hermite differential equation. In
Morita (2024), we study the same differential equations as in Morita (2023), but the solutions are expressed in
terms of the Green’s function.

The purpose of the present paper is to give solutions of inhomogeneous and homogeneous Heun’s differential
equation, by using the method presented in Morita (2024).

The presentation follows those in Morita and Sato (2017, 2021); Morita (2022), in Introduction and in many
descriptions in the following sections.

We use Riemann-Liouville fractional integrals and derivatives, whose definition is given in Morita and Sato
(2013); Podlubny (1999), and also in Morita (2022, 2023, 2024). The property which we use is presened in
Section 1.1. The properties which we use in nonstandard analysis, are presented in Section 1.2, following papers
Morita (2022, 2023, 2024).

1.1 Riemann-Liouville fractional integrals and derivatives

We give here some notations to be used. Z is the set of all integers, R and C are the sets of all real numbers and
all complex numbers, respectively, and Zs, ={n € Z |n >a}, Zcy ={n €Z|n <b} and Z,p) ={n €Z|a <
n < b} for a,b € Z satisfying a < b. We alsouse R~ = {x € R |z > a} fora € R, and C4 = {z € C| Re z > 0}.

We use the step function H(¢) for ¢ € R, which is equal to 1 if ¢ > 0, and to 0 if ¢ < 0, and hy, which denotes
h =1 ifk€Z>71, and hk:Oifk‘EZ<0.

We use the Riemann-Liouville fractional integral and derivative g Df for p € C, which is defined in the following
remark, that is given in Morita (2022, 2023, 2024).

Remark 1.1. Let g, (t) = F(lu)tl’*lH(t) for v € C. Then g, (t) =0if v € Z«y, and if v ¢ Z <,

_
(v —p)

7 T H () = gu—p(1). 1)

As a consequence, we have gDY g, (t) = g_n(t) =0 for n € Zs_;.

In distribution theory Morita and Sato (2017); Schwartz (1966); Gelfand and Silov (1964); Zemanian (1965), we

use distribution H (t), which corresponds to function H (t), differential operator D and distribution 6(t) = DH(t),
which is called Dirac’s delta function.
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1.2 Preliminaries on nonstandard analysis

In nonstandard analysis Diener and Diener (1995), infinitesimal numbers appear. We denote the set of all
infinitesimal real numbers by R°. We use also its subset RS given by RS, = {e € R | € > 0}, which is such that
if € € RY, there exists N € Zs satisfying e < +. Now R® = R2, U {0} URZ,, where R, = {e € R” | € < 0}.

We use R™, which has subsets R and R®. If 2 € R™ and = ¢ R, x is expressed as 1 + ¢ by 21 € R and
€ € R%, where z; may be 0 € R. Equation z ~ y for z € R™ and y € R™, is used, when z —y € R°. We
denote the set of all infinitesimal complex numbers by C°, which is the set of complex numbers z which satisfy
[Re 2| 4 [Im z|€ R°. We use C™*, which has subsets C and C°. If z € C™* and z ¢ C, z is expressed as z1 + ¢ by
z1 € C and € € C°, where z; may be 0 € C.

In place of (1), we now use

1 1
DYgute(t) = RDY ————t" " H(t) = gu—pre(t) = =————t" P T H(t 2
Rtg+() Rtr(V—f—E) () g P+() F(V—p+€) ()7 ()
for all p € C and v € C, where € € R%,.
Lemma 1.1. Let p1 €C, po € C, v € C, e € RS and go1c(t) = ﬁt”“*lH(t). Then the index law:
RDY' RD{? gue(t) = RDfl+p29u+e(t) = Gu—p1—pate(l), 3)

always holds.

In nonstandard analysis, in place of H(t) and d(t) in distribution theory, H(t) and d.(t) are used, which are
given by

1 d
—t“H(t be(t) = —
I'(e+1) ®), ®) dt

for € € RZ,. We note that they tend to H(t) and 0, respectively, as € — 0.

He(t)=rD; “H(t) = g14¢(t) = He(t) (4)

Lemma 1.2. In the notation in Remark 1.1, He(t) = gi4c(t), de(t) = ge(t), and
RD{He(t) = rRDigive(t) = g1(t) = H(t), rDié(t) = rDtge(t) = go(t) = 0. ()

2 Heun’s Differential Equation

Before writing Heun’s differential equation, we present a related differential equation given by

d2
P(rDe, u(t) = {(t — )t — )t — 12) o3
d
st =)t —t2) +(t = t2)(t = bs) +72(t — ) (¢ — t1)]
+(a1fut — a1Biqo)}ult) + Do - rRDy u(t) = f(t), (6)
where t1, to, t3, 71, V2, V3, @1, B1, g0 and Dy are constants. We express this equation as follows:
N d
p(RDty t)u(t) = [(A() —+ Alt + A2t2 —+ A3t3)ﬁ —+ (B() + Blt —+ BQt2)a
+(Co + Cit)]u(t) + Do - rD; ul(t) = f(1), (7)
where
Ao = —tatats, A1 =tita +tats +tsts, As=—t1 —t2—13, Az=1,
Bo = mitats + yatsts + ystate,
Bi = —mi(ta +13) —y2(ts +t1) —y3(ta +t2), Ba =7 +72 + s,
Co = —a1f1q0, Ci1=ai11, Do=0. (8)
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Heun’s equation is given by
d2
pite(t, RDLJu(t) = {1(t ~ 1)t ~ 2) 5

d
+[yste — a1+ B1+1—v1+ (1 +y3)t2]t + (1 + B1 + 1)t2]£

—01Biqo + au Buthult) = f(1). )

This equation is a special one of Equations (6), in which t1 =1,¢3=0,7%2 =a1+ 81 +1—~1 — 3 and Dy = 0.
As a consequence, we have the following lemma.

Lemma 2.1. Heun’s equation (9) is expressed by the equation which is obtained from Equation (7), by replacing
p(t, RD:) by pre(t, RD:), and adopting

Ao =0, A1 =ts, As=—(1+1t2), As=1, (10)
Bo=73t2, Ba=v1+72+13=a01+0 +1,

Bi = —Ja1 + 1+ 1 =7 + (M1 +73)te] = —[vite + 92 +y3(t2 + 1)),

Co=—a1f1qo, Ci=oai1p1, Do=0, (11)

in place of Equation (8).

2.1 Transformed equations of Equation (7) and Heun’s Equation (9)

We now consider the equation which is satisfied by @(t) = g D; Pa(t) = rD; ® Dy “u(t) = rD; u(t), for 8 € C,
e € Ry and p = f + €, when u(t) satifies Equation (7).
Lemma 2.2. Let u(t) be a solution of Equation (7), and w(t) be given by w(t) = rD; “u(t). Then w(t) satisfies
Po(rDu, )0(t) i= rD; *p(r D, ) DY (1)
d2

d?
e + [Ait—

= {Aoge dt2

+ Bo(p)%] + [Aat? % + Bi(p )t% + Co(p)]

A4 Bao)? % 4 (o] + Dolp) - wD; i)

= fs(t) == rD; " f(1), (12)
where
Bo(p) = Bo — Aip,  Ba(p) = B2 — A3 -3p, Bi(p) = Bi — Az - 2p,
Co(p) = Co = Bip+ Az - p(p+1) + As - 3p(p + 1),
1(p) = Cr — B2 2p+ As - 3p(p+ 1),
o(p) = Do — Crp+ Bz p(p+1) — As - p(p+1)(p + 2). (13)

We call Equation (12) a transformed equation of Equation (7). When Equation (8) with Equation (13) is adopted,
Equation (12) is a transformed equation of Equation (6).

Proof. Remark 9 in Morita (2022) shows that when v € C, n € Z~_1, a(t) = 7”5’:11) and 1, (t) = %ﬁ(t), we
have
rD; [t (t)] =t - rD; "in(t) — p- RDy "~ i (t),
rD; P[P (t)] =t - RD; “[tin(t)] — p- RDy "7 [t (t)]
2 /D[ () — 20t RD; " an(t) + plp+ 1) D} 0 (0),
WD (0] = 1 - DE (0] = 20 &D7 1 (0] + -+ 1) - wD7 1)
=t gD, Plin(t) — 3pt® - RD; P in (t) + 3p(p 4+ 1)t - RD; P 2in(t)
oo+ D7) D). (14)

—~
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By using these relations in Equation (7), we obtain

- _ a2
po(rDy, t)0(t) := rD; "p(r Dy, t)u(t) = {(Ao + A1t + Aat® + Agtg)@
—|—(BO —|— Blt —|— BQtQ — Alp el AQ . 2pt — A3 . 3pt2)%

+Co+Cit —Bip— B2 - 2pt+ As - p(p+ 1) + Az - 3p(p+ 1)t
+[Do = Cip+ Bz - p(p+1) — Az - p(p + 1)(p + 2)| Dy ' }b(t)
= fa(t) := rD; " f(1). (15)

This equation is expressed by Equation (12). O

As a corollary of this lemma, we have the following lemma.

Lemma 2.3. Let u(t) be a solution of Equation (7), and @(t) be given by @(t) = rD; “u(t). Then we obtain the
following equation from Equation (12), by replacing p by € and w(t) by a(t):

pe(rDe, t)i(t) := rD; “p(r D, ) rDia(t) = f(t) := D7 “f(2), (16)
which is a transformed equation of Equation (7), when Equations (8) and (13) are adopted.

We denote the transformed equations of Heun’s equation (9), which correspond to Equations (12) and (16), by
Equations (12-He) and (16-He), respectively.

Lemma 2.4. Lemmas 2.2 and 2.1 show that Equation (12-He) is obtained from Equation (12) by replacing
Pp(rDt,t) by ppe(rRD:,t), and p(rD:,t) by pae(rD:,t), and using Equations (10) and (11) in place of
Equations (8). In this replacement, Equation (13) is replaced by

Bo(p)= (73 = p)t2,, Balp) =7 +72+7—3p=a1+pi+1-3p,
Bi(p)=—lon + B+ 1=y + (m1 +73)ta] + (1 +12) - 20 = Bu + (1 + t2) - 2p,
Co(p)=—a1Bigo — Bip+ (2 —t2) - p(p + 1),
Ci(p)=a1fr — (a1 + B +1) - 20+ 3p(p + 1) = (a1 = 2p)(B1 — 2p) — p” + p,
Do(p)=—a1fip+ (a1 + 1 +1) - plp+ 1) = p(p+1)(p + 2)
=(a1—p—=1)(B1—p—1)p. an

Lemmas 2.2 and 2.8 show that Equation (16-He) is obtained from Equation (12-He) by replacing p by €, and
w(t) by u(t).

Lemma 2.5. Lemma 2.4 shows that when we put p = 0 and replace w(t) by u(t), Equation (12-He) is Heun’s
equation (9).

Remark 2.1. Lemma 2.4 shows that Equations (12-He) and (16-He) are transformed equations of Heun’s
equation (9). In Sections 2.2 and 3, we obtain the solution w(¢) of Equation (12-He) for the inhomogeneous
term f5(t) = 6.(t) = ge(t), and then we obtain @(t) and u(t), given by @(t) = rD w(t) and u(t) = rDI W (t),
which are the solutions of Equation (16-He) for the inhomogeneous term given by f(t) = rD!d.(t) = ge_p(t)
and, Heun’s differential equation (9) for f(t) = rD?6.(t) = g_ps(t) for B ¢ Z~ _1, respectively.

When 8 =0, f(¢) = 0 and hence the solution of Heun’s equation is a complementary solution, which is studied
in Section 4, and we do not consider the case of 8 =n € Zso, for which f(t) = g—n(t) = 0.

76



Morita; J. Adv. Math. Com. Sci., vol. 40, no. 1, pp. 72-84, 2025; Article no. JAMCS.129729

2.2 Solutions of Heun’s differential equation

We now use w(t) and fg(t) expressed by

oo

(1) :;)p ﬁ tTEH() ngaw ; (18)
_ Z eik‘) e+k lH() (19)

k=0
where po #0, a =v+cora=v, v € C\Z<o and € € RZ,. We then prepare the following equations:

2

o o} d ~ (oo}
= prgark(t), toa®(t) = ;pk(a + k= 1)gatr(t),

oo . dn ~ oo
= Zpkfl “Gatk(t), ¢ dan(t) = ;pkfl(a +k—n)n - gatn(t), nEZpy,
t" . w(t) = ip (a+k—n)n- (t), n€Zpap; D; Mo(t) = ip . (t)
i1 2 k—2 n * Ja+k(l), [1,3]5 Rt 2 k—2 * Ga+k(l).

(20)
By using Equation (20), fz(t) given by Equation (19), and Equations (10) and (17), Equation (12-He) is expressed
as follows:
Po,te(RDe, )0(t) := R Dy "pre(r Dy, t) R DY ()

= {pe[Ai(a +k — 1) + Bo(p)] — hr—1pr-1Qx(e, p)
k=0

+hi—2pk—2Ri(a, p)}

mta+k_lH(t) = fs(t), (21)

where hpy_; =1ifk—-1¢€ Z>71, hi_1=0ifk—-1¢€ Z<07 and

Ai(a+k—1)+ Bo(p) = t2(a+k — 1473 — p), (22)
Qr(,p)=—[Az2(a + k= 2) + Bi(p)l(a + k = 1) = Co(p), k € Zo, (23)
Ri(a,p)=[[As(a+k = 3) + B2(p)l(@+ k = 2) + Ca(p)](@+ k = 1) + Do(p), k€ Z>1. (24)

Lemma 2.6. Let f5(t) be given by Equation (19), Ai(a+ k — 1) + Bo(p), Qx(c, p) and Ri(a,p) be given by
Equations (22), (23) and (24), and pr and « be so determined that

pota(ar = 149 = p) st H(E) = co 5t HD), (25)
pita(a+y3 — p) — poQi(a, P)]ﬁtQH(t) =c ﬁteH(t),
prtz(a+k —1+73 — p) — pr—1Qr(, p) + pr—2Rk(a, p)]ﬁta+k*lH(t)
_ 1 e+k—1
= Ckmt + H(t), k 6 Z>1. (26)

Then w(t) given by Equation (18) is a solution of Equation (21).
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1

Lemma 2.7. When co = 1, Equation (25) is satisfied by a = € and po = Y e

Lemma 2.8. When ¢ = 0 or € = 0, the righthand side of Equation (25) is 0. In this case, Equation (25) is
satisfied by « =0 or a =1 — v3 + p, and by any value of po.

Lemma 2.9. When ¢, =0 for k € Zo, we use py, in place of ’Z—’S for k € Z~_1, Then the equations in Equation
(26) are expressed as po =1 and

_ 1
PR bk —T+ats—p)

[Pr-1Qk (e, p) — hg—2pr—2Ri(c, p)], k € Z>o. (27)

We also use the coefficients Py in place of pr.. They are defined by po = Po = 1 and

_ 1 . k _
= ——"—Ph e Py=t — keZs_1. 28
Pe = ot e e B 2(a+73 —p)kPr, kE€Z> (28)

Now in place of Equation (27), we have Po =1 and

Py = Py 1Qr(a, p) —t2(k =2+ a+73 — p)hr—2Pr2Rr(o, p), k € Zso. (29)

3 Particular Solutions

In the present section, we consider the solution ww(t) of Equation (21) in the form of Equation (18), assuming
that fz(t) = 0(t), co =1, cx =0 for k € Z~o and a = ¢, in Equations (25) and (26).

Theorem 3.1. (i) In the above condition, Lemmas 2.7 and 2.9 show that the coefficints po and pr = 57- for
k € Z~_1 are given by

1
I ) 30
Po ta(—1+ s — ) Po (30)
1
5 = 56— 10n(6, p) — hiv—opr_oRi(e, p)], K € Zso, 31
Pk t2(k71+737ﬁ)[m 1Qk(€,p) — hi—2Pr—2Ri (€, p)] >0 (31)

and the solution of Equation (21) is expressed by

]

ﬁ)(t) = kzzopk mte+kH(t) = Po kZ:Oﬁk ﬁt&kfl(t)- (32)

oo

Remark 2.1 shows that by using Equation (32), we obtain the solution u(t) = rD2w(t) of Equation (16-He) for
f(t) = rD25.(t) and B # Zso, as follows:

~ 0\ o - 1 etk—p
u(t)—po;)pkr(€+k+1_ﬂ)t H(t)

1 = 1
“PT(e+1-p) ,CZJ’“@H—/&M

t TP H (), (33)

and u(t) = rDiu(t) is obtained from Equation (33).

(ii) We note that if we replace Qi (€, p) and Ry (e, p) in Equation (31) by Qr(0,8) and Rk (0, ), respectively, so
that po = 1, and

1
ta(k —1+7v3 —8)

Pk =

[ﬁk*le (07 /B) - hk*Qﬁk*QRk (07 /B)}, ke Z>07 (34)
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W(t) and u(t) given by Equations (32) and (33), respectively, are deviated by a contribution of O(€), which can
be neglected, and hence we can adopt it.

By Equations (23), (24) and (17), Qx(0,8) and Ri(0,3) are given by
Q1(0,8)=a1f1go + Bif+ (2 —t2) - B(B+ 1),
Qr(
(

0
0,8)=[(1+1t2)(k =2=20) = BiJ(k = 1) + ufhigo + B1S + (2 = t2) - B(B + 1),
Ra(0,0)=1(k =2+ a1 — SB)(k =2+ B — 0B) — (an + 1) 3B+ 58° + Al(k — 1)

e =B-DB -B-1)-B-1]3, keZs. (35)
Remark 3.1. Following Lemma 2.4 in Morita (2024), we denote the solution given by Equation (32), by

GHeun,B,e(t,0). When we put ¢ = 0 in this solution, the obtained Greun,s,0(t,0) = rRD{GHeun,8,(t,0) is a
complementary solution of Equation (21) for e = 0.

The solutions @(t) and u(t) are expressed by rDYGrreun,p,c(t,0) and gD TG reun p,e(t,0), respectively. When
B = 0, these solutions are expressed by Greun,e(t,0) and Greun,0(t,0) = RD{GHeun,<(t, 0), respectively.

Corollary 3.1. (i) When 8 = 0, 4(t) given by Equation (33), in which 8 = 0, is a particular solution of
Equation (16-He) for f(t) = dc(t). In this case, in place of Equation (31), we have the equations which are
obtained from those in it by replacing B by 0 and p by €.

(ii) Followig Theorem 3.1(i1), when B = 0, we may use Qx(0) and Ry (0) in place of Qx(0,8) and Ri(0,3) in
Equation (34), so that po = 1 and

1

ﬁk ~ mmk—le(o) - hk72ﬁk72Rk(0)L ke Z>01 (36)
where Q(0) and Ri(0) are given by
Q1(0) := Q1(0,0) = 151 qo,
Qk(0) := Qx(0,0) =[(1 + t2)(k — 2) = Bil(k — 1) + a1 frqo, k € Z>o,
Ri(0) := Rk(0,0)=(k—24+a1)(k—2+ p1)(k—1), k€ Zs1. (37)

Remark 3.2. In Remark 3.1, the solution w(t) which appears in Theorems 3.1 is called Greun,g,(t,0).

3.1 Use of coefficients P,

Theorem 3.2. (i) In Theorem 3.1(i), we have the particular solution of Equation (16-He), given by Equation
(33). We now define P, by Equation (28) for o = €, that is

- 1 . k ~
=——"— P, ie P,=t — , k€eZs_1. 38
Pk t,g(% — »B)k k k 2(73 6)kpk >—1 ( )
By using Equation (29) for a = €, we obtain Py =1 and
Py = Pi—1Qu(e,p) —ta(k — 2+ v3 — B)hiw—2Py—2Ri(€,p), k € Z>o. (39)

and then the particular solution of Equation (16-He), given by Equation (33), is expressed by

')

ﬁ(t):po;ﬂ s —5)kr(k1+ AT oR " (). (40)

and u(t) = rD{u(t) is obtained from Equation (40).
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(ii) In Theorem 3.1(ii), it is proposed to use Equation (34) in place of Equation (31). We now propose to use
the following eqution in place of Equation (39):

Py~ P, 1Qr(0,8) —ta(k — 2+ v3 — B)he—2Pr—2Ri(0,8), k€ Z>o. (41)

Corollary 3.2. (i) When g = 0, u(t) given by Equation (40) is a particular solution of Equation (16-He) for

f(t) = 6c(t), where Equation (39) for B =0 is used.

(ii) Corresponding to Theorem 3.2(%i), when 8 = 0, we propose to use Equation (41), by replacing Qi (0, 3) and
Ry (0,8) by Qr(0) and Rk (0), respectively, where Qr(0) and Ri(0) are given in Equation (37).

3.2 Use of coefficients q,,

Theorem 3.3. (i) In Theorem 8.1, we have a particular solution u(t) of Equation (16-He) for the inhomogeneous
term f(t) = rDP6.(t) = ge_p(t). We now define ax by

1
(e=B+ 1Dk
and then we see that the solution u(t) of Equation (16-He), given by Equation (33), is expressed by

ﬁk :(6_,6+1)k'a/k7 i.e. arp = ﬁk:, k€Z>—17 (42)

N 1 —B+k _ 1 Btk
a(t) = po kZ—Oka(G By 1)t H(t) = L Py ;Jakt H(t), (43)

where ay, satisfy ao = 1 and

1 1
U = =hTR) BT =p) [4h—1Qk (€, )
—Fﬁﬁhkfzak72Rk(€, p)]7 k S Z>0. (44)
Remark 2.1 shows that u(t) = rDitu(t) is obtained from Equation (43).

(ii) Following Theorems 8.1(i1) and 3.2(4i), we now propose to use the following equtions in place of Equation
(44):

1 1
ag (e—B+k)talk—1+~s—p) [ak—1Qk(0, B)
_mhkﬂakﬂ]{k(ﬁ B), k€ Zso. (45)

Proof. By using the first equation of Equation (42) in Equation (31), we obtain

(k-1 i 73— B) [(e =B+ Dr-1ar-1Qx(e, p)

—(€ =B+ Dr—2hi—2ax—2Ri (e, p)], (46)
This gives Equation (44). O

(6_/8+1)kak:t2

Corollary 3.3. (i) When 8 = 0, i(t) given by Equation (43) for 8 = 0, is a particular solution of Equation
(16-He) for f(t) = 0c(t), where Equation (44) for =0 is used.

(ii) Corresponding to Theorem 8.3(ii), when 8 = 0, we propose to use Equation (45) for B = 0, by replacing
Qx(0,8) and Rk (0,8) by Qr(0) and Rx(0), respectively,

Remark 3.3. In Remark 3.1, the solutions @(¢) and w(¢) which appear in Theorems 3.1, 3.2 and 3.3 are called
RD?Grcun,p.c(t,0) and DY G rreun e (t, 0), respectively.

Remark 3.4. In Remark 3.1, 4(¢t) which appear in Corollaries 3.1, 3.2 and 3.3, are called GHeun,(t,0).
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4 Complementary Solutions

In the present section, we apply the results in Section 2.2, to the cases of 8 = 0 and f(t) = f5(t) = 0. Lemma
2.8 shows two choices. We first consider the case of « = € = 0.

() = de(t)

Remark 4.1. In Corollaries 3.1(i), 3.2(i) and 3.3(i), the solutions @(t) for the cases of 8 = 0, f(t) = fs
= rDfa(t) or by

and a = € are given. The solutions u(t) in the present section, are obtained from them by u(t)
replacing @(t) by u(t), € by 0, and a value of po by an arbitrary number.

Theorem 4.1. In the case stated above, Lemmas 2.8 and 2.9 show that by using Equations (19) and (27) for
a=¢=0 and p =0, a complementary solution u(t) of Equation (9) is given by

Zpk*t H(t) = po Zpk k' )s (47)

where po is any number, pr = popr for k € Z~_1, and py, for k € Z~_1 satisfy po =1 and
1
tz(/ﬂ -1+ ’}/3)

where Q(0) and Ri(0) are given in Equation (37).

Dk = [Pr-1Qk(0) — hi—opr—2Ri(0)], k € Zso, (48)

Note here that Equation (48) is obtained from Equation (36), by replacing ~ by =.

Theorem 4.2. Lemmas 2.8 and 2.9 show that by using Equations (28) and (29) fora =€e¢=0 and p =0, Py is

defined by pr, = WPk, and the solution u(t) of Equation (9), given by Equation (47), is expressed as follows:

> 1 t ok
u(t) = Po————(—)"H(?). 49
(0= 3 P () HO (49)
Here po is any number, and Py, for k € Z~_1 are given by Py =1 and
P, = Pklek(O) — tz(ki -2+ 73)hk72Pk72Rk(0)7 k € Z>o. (50)

Theorem 4.3. The complementary solution of Heun’s differential equation (9), which is given by Equation (47),
is also expressed as follows:

t) = po Z axt®, (51)
k=0
where po is any number, and ax are related with py by
Pr = ark!, ie. ar=pr— k" k € Zs1. (52)
Then we cofirm that ay, satisfy ao = 1 and
1
= —————[ar-1Q%(0) — ——hr—2ar—2R(0
ak (73+k—1)kt2[ak 1Qx(0) 1 20k %(0)]
1
= —1[(T+t2)(k—2 to](k—1
etk l)ktg{[ak 1[(1+ t2)( +73) + 72 + 71t2](k — 1) + a1 B1qo]
7hk_2ak_2(k*2+C¥1)(k*2+51)}, k € Zso. (53)

Proof. By using the first equation of Equation (52) in Equation (48), we obtain

1
l. = —1). _ — — 2. _ _ A
k! ay s T h=1) (k=1 ar—1Qr(0) — (k — 2)! - hty—2ar—2 R (0)]
This gives the first equality in Equation (53). O
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This result is given in Section 3.3 in Arscott (1995) and in Section 8.2 in Kristenson (2010).

Remark 4.2. Remark 4.1 states that when po is given by Equation (30) for 8 = 0, the solutions u(t) in
Equations (47), (48) and (51) are obtained from the solutions %(t) given in Corollaries 3.1(i), 3.2(i) and 3.3(i).
In Remark 3.1, the solutions u(t) are called GHeun,o(t,0).

4.1 Complementary solution, 11

In Theorems 4.1~4.3, we studied the case of f(t) =0, 8=0and a = ¢ =0 in Lemma 2.8. We now study the
case of @ =1 — 3 and € = 0 in place of a = € = 0.

Theorem 4.4. Lemmas 2.8 and 2.9 show that by using Equations (19) and (27) fora =1 — 3 and p =0, we
obtain the complementary solution of Equation (9), given by

= 1 1—v3+k

u(t) = —_— BT H(¢

(t) pokZ:Oka(z_%Jrk) (t)
_ étlﬂspoiﬁkLﬁH(w (54)

['(2 = 7s) = (2= )k ’
where po is any number, po = 1 and
- 1 .. -

Dk = tsz[pklek(l —3) — hi—2Pr—2Rr(1 —3)], k€ Z>o, (55)

Qr(l—v3) == Qr(1 —73,0)=[(L +t2)(k — 1 —v3) — Ba](k — v3) + a1 p1go, k € Z>o,
Rie(1—7s) := Re(1 —73,0)=[[(k =2 —y3) + a1 + 1 + 1](k = 1 = y3) + cu f1](k — 73)
(k—1—vys+a)(k—1—7v+p1)(k—"3), k€Zs:. (56)

Theorem 4.5. In Theorem 4.4, po is any number, and py satisfiy Equation (55). By using Equation (28) for
a=1—3 and p =0, we define Py by
1
T thk!

Pk Pk, ie. P = ték' - Dk, k€Zs_1. (57)
Then Py satisfy Po =1, and
P = Pk_le(l — ’yg) — tz(k — 1)hk_2P)¢—2Rk(1 — ’73), k € Zso. (58)

By using Equation (57) in Equation (54), the complementary solution of Equation (9) is expressed by

- 1 1—y3+k
t) = p TR (). 59
u(®) pokzzo "R T(I— s+ k+1) ®) (59)

Proof. Using the first equation of Equation (57) in Equation (55), we obtain

1 1 1 1
— Py = — [ Pe1Qr(1 —y3) — —5————hrx—2Pr—2Rir(1 — 60
N tzk[t’;*l(kfl)! k—1Qk (1 — v3) 2 2)! k—2Pr 2Ry (1 —73)], (60)
which gives Equation (58). O

Theorem 4.6. The complementary solution of Heun’s equation, which is given by Equation (54), is also
expressed as follows:

u(t) :poﬁt“% > ant“ () (61)
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where po is any number, and ar are defined by

1
be = (2 — v3)kag, ie ap= ———pp, k€ Zo_1. 62
P =(2 — v3)kak k @ _%)kpk >-1 (62)
By using the first equation of Equation (62) in FEquation (55), we obtain ap = po = 1, and

(2 7173)’“” T (2= 713)kt2k [Pr—1Qi(1 = 73) = hi—2pPr—2Bi(1 = 73)]

1 1
= _ lems) e —
@ T k= Dk Q= w) — g

1
_tzk(l —"}/3—|—k)

7hk_2ak_2(kf 1*’734’041)(]67 1*’73+ﬁ1)}, k € Zso. (63)

ar =

hi—2ak—2Ri(1 — 73)]

{ap—1[[(1 +t2)(k = 1) + 2 + nt2](k — v3) + @16140]

5 Conclusion

In a preceding paper Morita (2024) of the present author, the particular solutions of Kummer’s and the
hypergeometric differential equation are obtained for the inhomogeneous term given by f(t) = g_g(t) =
ﬁtil*ﬁ for B € C\Z>_1. When the desired solution of Kummer’s equation is u(t), we construct a

transformed differntial equation of Kummer’s equation, which is satisfied @(¢t) = rD; “u(t), and obtain its
solution () and the desired solution by u(t) = rDiu(t).

In Section 3, we present the solution of the same problem for the case of Heun’s equation. The solutions obtained
are given in three formats.

In Section 4, we obtain two complementary solutions of Heun’s equation. They are expressed in three formats.
The complementary solution in one format is in agreement with a solution presented in the past, given in Section
3.3 in Arscott (1995) and in Section 8.2 in Kristenson (2010).
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