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Abstract

In this paper we analyze a Chemostat model of two species competing for a single limiting
nutrient input varied periodically using a Fourier series with discrete delays. To understand
global aspects of the dynamics we use an extension of the Hopf bifurcation theorem, a method
that rigorously establishes existence of a periodic solution. We show that the interior equilibrium
point changes its stability and due to the delay parameter it undergoes a Hopf bifurcation.
Numerical results shows that coexistence is possible when delays are introduced and Fourier
series produces the required seasonal variations. We also show that for small delays periodic
variations of nutrients has more influence on species density variations than the delay.

Keywords: Coexistence; competition; competitive exclusion; DDE; Periodic Chemostat; Fourier
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1 Introduction

The study of Chemostat is important in ecology and has seen many researchers devote themselves to
studying and analyzing its models. Its an important piece of laboratory apparatus that is designed
for production and functional study of micro-organisms. One of the reasons why a chemostat is very
useful is that it can grow micro-organisms in a physiologically steady state and it has the capacity
to keep constant all environmental conditions hence making mathematics easily traceable ( [1], [2],
[3]). Mathematical modelling with time delays has proven to be very valuable in understanding
various dynamics both natural and man-made. Delays are common in many natural processes [4])
and ( [5]. When environments being modelled are not instantaneous, then they should include
delays. Such environments include those of the Chemostat [6], [7], [8] and [9]. The environments
of natural populations undergo temporal variation, causing changes in the growth characteristics of
populations. One of the methods of incorporating temporal non-uniformity of the environments in
models is to assume that the parameters are periodic. A good example of physical environmental
conditions that fluctuates with time is temperature, humidity, PH, and availability of important
resources such as water and food. All this vary with time and seasons. Researchers (see for
instance [10], [11], [12], [13] and [14]), have succeeded in showing that after adding a periodic
function to the Chemostat model, coexistent can occur. For some it is the reservoir nutrient
concentration that they varied periodically and for others it is the washout rate function. Either
way, both results proved coexistence was possible.

In this study we incorporate discrete delay to model the lag in the process of nutrient conversion as
well as vary the nutrient supply periodically by a Fourier series as opposed to the commonly used
sine function.

2 The model

The chemostat model of two species competing for a single, essential and growth limiting nutrient
with a periodic nutrient input and a delay term of 7 > 0 is described by:

S) = (SO + g Z 7(;]_1)_1_1 cos(2j — 1)t — S(t)> Do — M;ﬁ(;)(f)(t) _ uz;z:ii%)(;(t)

. pS(t —7)
X1 = a:1(t) (m — D1) (2.1)

iy = xa(t) (% B DQ)

where:

S°(t) is the input concentration at time.

S(t) is the concentration of the substrate at time t.

x;(t) is the concentration of the i*" species at time t.

Dy is the dilution rate

D; is the death rate for species i.

1; is the maximum specific growth rate for the i'" species

k; is the Michaelis-Menten constant for the i*" species

¢; is the constant of proportionality and the content of the nutrient in the i** species

S(0) > 0,21 > 0,22 > 0, and the delay term 7 is given as 71 for the first species and 72 for the
second species. The nutrient input is given by a Fourier series function as
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b~ (1)
S9(t) = (SO + " Z (2j )_ il cos(2j — 1)t>. This models prolonged seasonal nutrient variations
j=1

better than the commonly used sine function ( [10], [14]).

The interior equilibrium point defined by model 2.1 is & = (5™, z7, x3).
We translate £ = (5™, 2], z3) to the origin by letting S(t) = S(t) — S*,z1(t) = z1(t) — z7, z2(t) =
x2(t) — x5

With this new transformation, model 2.1 now becomes:

x1(t) + 1) (S(t) +5)

R . 0 * mCl(
S = (SO =S50 =)D - = e

_ heca(@a(t) +23)(S(t) +57)
(k2 + S(t) + 5*)

paS(t —m) + S7)(x(t) + 27)
k1 +S(t—7'1) + S*

21(t) = —Di(z(t)+27)+ (2.2)

p2S(t — m2) + 5*)(x(t) + 23)

i2(t) = —Da(z2(t) +23) + T SU—m)+ 5

For simplicity we let:

— (0o gy, Hei(@ (@) +21)(S() + 57)
fo= (8 =50=5)D (b + S(t) + 57

paca(@2(t) + 23)(S() + 57)
(k2 + S(t) + %)

pa(S(t = 11) + 8%) (@1 (t) + 27)
ki+S(t—m)+ S*

g = —Di(z:(t)+27)+

p2(S(t — 1) + 57)(xa(t) + 23)
ko + S(t—712) + 5*

h = —Da(z2(t) + x3) +

We now linearize 2.2 around & = (S, z7, x3) by taking the partial derivatives as follows:

af  _ —maS”
oz ki1 + S*
ﬁ _ —/J,QCQS*
0o ko + S*
i — _Dy— klwfﬂlcl _ k2$§u202
aS(t) (K1 +s*)2 (K24 s*)?
89 ,LL1S*
e - Pt hrs
g _ kipixl
aS(t — 1) (k1 + 5*)2
oh 2 S™
6$2(t) = —i2t ko + S*
oh kopoxs
8S(t—72) (k2+5*)2
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Combining all the three equations, our linearized system now becomes:

Sty = (

(_Dl +
(—D2 +

]
[y
—~
~~
~—

Il

o2 (t)

For brevity we can let:

—,U,1C1S
k1 + S*

* S* k *
) (1) + (— . 5*) wa(t) + (Do~ e 55 -
paS” kipzy _

kl +S*> .1»'1(t) + ((kl +S*)2) S(t 7-1)
p2S* kapoxs _

ko + S*) z2(t) + ((k2 + S*)2) St =)

- . ulclS*
ain = bt S
o . I,LQCQS*
e = ko + S*
kixipic k2x3pace
- (b
e ( "I+ 5 T Rt 52
S*
a1 = ( Dy + k;u:_ S*)
_ kipnzl
o = (o)
S*
azy = < D, + kui S*)
kapoxs
)

.
kazipoco

The linearized equation now becomes:

The characteristics equation corresponding to 2.4 is given by the polynomial

3 2 2
A —a11 —aglalg)\—a13a21a32—|—(—a33/\ +a11033—a21012a33)5

For brevity we can let:

S(t) = airi (t) “+ a1222 (t) + Cblgs(t)
$1(t) as21x1 (t) -+ O:L’Q(t) =+ (123S(t - T1)
:i}z (t) = Oxl(t) + a321‘2(t) + (1335(t — 7'2)

—ai1

= —a21012

= —a130a210a32
= —ass
ai11a33

= —a21a120a33

= —a32a23

TQmMEmU QW
[

= a320a230a11

The characteristics equation 2.5 is now simplified to:

N+ AN+ BA+ C + (DX + EX+ F)e 2 4+ (GA + H)e ™

(K2 + 5%)?

— AT -
2+ (—as2a23Ataszaz3aii)e

=0

) S(t)

(2.3)
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3 Stability and Local Hopf Bifurcation

We will now analyze the stability of this characteristic equation and analyze when the Hopf
Bifurcation occurs.

In circumstances when either 74 # 0 or 72 # 0 we show that the interior equilibrium point
& = (8", x7,x5) undergoes a Hopf bifurcation as either 71 or 72 increases from zero.

Theorem 3.1. From the characteristic equation 2.6 when 71 =0 and 12 # 0 and we let A = wi be
a root of 2.6, where (w > 0) then:

1 1 ((E = AD)w* 4 (EB1 + AF — DB2)w? + FBy 1.
To = ” |:COS ( Dt —2DFw? 7 2 + 25w, |7 =0,1,2...
Where the new terms;

B+G = B
C+H = B

And all the other terms are as defined above.

Proof. when 7 = 0 and 72 # 0 the characteristic equation 2.6 will now become:
N+ AN+ (B+G)A+ (C + H) + (DX + EA+ F)e ™ =0

For simplicity we can let:

B+G = B
C+H = B
The equation now becomes:
N+ AN 4 BIA+ By 4 (DA> + EA+ F)e *™ =0 (3.1)

We then let A = wi, (w > 0) be a root of 3.1, therefore we shall have:
—w¥ — Aw? 4+ Biwi + Bz + (—Dw? + Ewi + F)e @2 = 0

Which we can write as

—w? — Aw? 4+ Biwi + Bz + (—Dw? 4 Ewi + F)(cos wTe — isinwr2) = 0
Which implies

—w?i — Aw?® + Biwi + By — Dw? cos wrs + Ewicoswrs + F coswts + Dw?isinwre + Ewsinwrs —
iFsinwry =0

Separating the real and the imaginary parts yields:

—u? + Biw + Ewcos 1o + Duw? sinwmy — Fsinwre = 0
—Aw? + By — Dw? cos wTe + Fcoswme + Fwsinws = 0
and we re-write it as
FEwcos T + (Dw2 — F)sinwr, = W+ Biw
Ewsinwry + (F — Dw?)coswrs = Aw’+ By (3.2)
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This leads to:
(E°w? — (F — Dw?)?) coswrz = (Ew(w® + Biw)) — (Dw? — F)Aw® + By)
Which yields

1 1 [ Bw(w® + Biw) — (Dw? — F)Aw? + By . .
— +2 =0,1,2...
™ (COS ( E2a? — (F — Dw?)? i ).a =01

Collecting the like terms together the equation further simplifies to:

1 _1 ((E—AD)w" + (EBy + AF — DBs)w? 4+ FBs 1
™= {cos ( D2t — 2DFw? 1 B2 +2jm, | 5 =0,1,2... (3.3)
Which completes the proof
Theorem 3.2. If there exist a polynomial of the form:
Wt pwt + gt +r=0 (3.4)

and let S = w? then, the polynomial 3.4 has atleast 8 positive Toots wy, = /Sy wheren =1,2,3 and
therefore +iw, are purely imaginary roots of equation 3.1

Proof. If solve simultaneously system 3.2 and Square both sides we shall have:

Ew? cos® wra + 2(Du}2 — F)Ew coswTe sinwts + (Dc;.)2 — F)2 sinfwr = Wb+ 2Bwt 4+ Biw?

E*w’ sinwr — 2(Dw? — F)Bw coswre sinwra + (F — Dw®)? cos’ wrs =  Aw® + 24Bow® + B3

Adding up the two equations yields:

w® 4 (2B1 + A — D*)w" 4 (B + 24ABy — E* + 2DF)w” — F* + B3 =0 (3.5)
For simplicity we can let:
(2B + A—D? =
(Bf +2AB; — E* + 2DF)

= 4q
—-F*+B; =
Therefore equation 3.5 now becomes:
W+ pot + g +r=0 (3.6)
If we denote S = w? then, we obtain:
S2 4 pS?P4+q¢S+r=0 (3.7

According to Routh-Hurwitz criterion, [15] the polynomial 3.7 holds the following results:

e If S < 0 then, the equation 3.7 has atleast one positive root.

e If S > 0 then, the equation 3.7 has no positive root.
P4+
7\/’7] > 0
3
If 3.7 has positive roots then without loss of generality we can assume that the 3 roots are all

positive defined by Si,S2,S3. Its then true to conclude that equation 3.6 has three positive roots
defined by w, = +/S, where n = 1,2, 3.

e If S >0 and 1 = p* — 3¢ > 0 then, equation 3.7 has positive roots iff S =
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Consequently, when n = 1,2, 3 then, equation 3.3 is denoted by

PR O PO (E — AD)ws + (EB1 + AF — DBs)w2 + F B, +9in
"= D20l —2DFw? + F? T

Wn
where:

(1 =0,1,2...) and (n =1,2,3)

With +iw, being the purely imaginary roots that has negative real parts for 7,, which completes
the proof.

Theorem 3.3. Let \(7) = a(7)+1iw(7) be the root of 3.1 near 7 = 7; satisfying at; = 0, w(7;) = wo

then the following transversal condition holds:

At

/ —1

i = Re |— 0
“ (Tz) |T:T$L ¢ |:dT2:|Tg—TgL 7é
Where: n=1,2,3 and j =0,1,2...

Proof. We consider the characteristic polynomial labelled 3.1 and evaluate the derivative of A
implicitly with respect to m to get:

d\ d\ d\ d\ d\ d\

N D b 2AN"C 4 B+ (DA 4+ EXA+F) [ —e 2 A —e M2 = A (24 EC) =
3 dT2+ dT2+ 1d72+( thEAY )( ¢ ¢ ar te dT+ dr 0
leading to

ax Ae 2 (DA* + EX+ F) -
dr — 3X2+2AN+ By — e 272 (DX2 + EA+ F) 4+ e~z 2D\ + E) (3.8)
or:
dA\ 73X 424X+ Bie™ (2DA+E) (3.9)
dr T OAMDMNEEXNEFF) ANDXNALEXNHF) A '
with A\ = wni and 7 = 7, simply denoted here as 74, equation 3.9 becomes:
d\\ 7" (=8wi + 3Awni + By) e (2Dwni + E) T (3.10)
dr  —Diw3 — Ew2 + Fuwyi —Diw3 — Ew2 + Fwni  wni ’
which leads to
= %(730.)% COS W Tj — 3wiisin wnTj + 2Awni coswnTj — 2Awn, sinw,7; + B1 cos wy,T;
+Byisinw,t; + 2Dwni + E) — —- (3.11)
Wn
where Q = (—Ew’n + (Fw, — Dw®)i)
or
d\ ! 1 s 5. s
o = ) (SEwn cos wnTj + 3Fw,icosw,Tj — 3iDw,, coswn,T; +
3Ew! sin WnTj — 3Fw3icos WnTj — Sti,‘z COSWnTj —
2Awa’Li coswnTj + 2AFw721 COSWnTj — QADwa coswnTj +
—|—2AEw;°’L sinwnT; + 2AFwT2Li sinwnT; — ZADiwa sinwy,T; —
Blei cos w,Tj — B1Fwpicoswn,Tj + BlDiwf’l COS WnTj —
BleELi sinw,7j; + B1Fwy sinw, 1 — BlDwZ sinwp1; — 2Dwa’Li +
9DFw? — 2D — E%02 — FEwni + EJDwi) + I (3.12)

n
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‘Where:
O = F?wi 4+ (Fw, — Dw?)?

The real part of this complex function is:

d\\ ! 1
Re(%) )

2 4 3
2AFw,, cosw,T; — 2ADw,, cos w,T; + 2AFEw;, sin w,Tj —

4 3 . 5
(3Ewn coswnTj — 3Fw,, sinw,7j + 3Dw,, coswnTj +

2 . 3 .
B1 Ew, cosw,Tj + B1Fwy sinw,; — B1Dw, sinw,T;j +

2DFW? — 2D%w! — E%i) £0

This completes the proof.

(3.13)

Lemma 3.4. When theorem 3.1, 3.2 and 3.3 hold, then as T2 increases from zero, there exist a
critical value say o such that the equilibrium point & = (S, x7,x3) is locally asymptotically stable

and unstable as T2 rises greater than the critical value such that T2 > Ta.

In addition, the system 2.1 demonstrates Hopf bifurcation at the positive equilibrium point £ =
(S*,27,x3) for o =75,(j =0,1,2,...) as delay increases past the critical value.

4 Numerical Results

Numerical results when 71 = 0 and 72 # 0 given in the figures below are agreement with the

analytical results presented in the Theorems above including lemma 3.4.

Table 1. Parameter values used to graph figures when 71 =0 and 72 # 0

History | Time | SO

C1 C2

Do =D1 =D,

p1 = p2

ki =

ko

b

[6,5,4] | [0,000] | 11

1 1

0.4675

0.571

0.5

8

The graphical representation with 71 = 0 and 72 = 1 with b =0 is

o
in

i

T
Nutrient

species ¥, M

species ¥,

2

IS
B n
LT

)
w i
T T

]
in

Amount of nutrients/species density

]

timet

i i i i i i i
100 200 300 400 00 BOO OO 8OO 500

Fig. 1. A graph showing coexistence of two species at the equilibrium point, » =1

The positive equilibrium of the system 2.1 is locally asymptotically stable for 71 = 0 and 72 = 1,
with the equilibrium points being (S*, 1, z5)=(2.2579, 4.7342,4.007)
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Fig. 1. demonstrates that even with small delays and no periodicity, coexistence of the two
competing species is possible. This contrasts sharply with the results from a Chemostat model
without delays, which usually predicts competitive exclusion. Hence incorporating delays results in
a chemostat model that more closely predicts natural like environments.

A major weakness in this figure is that the density of both species is constant. This is not what
is observed in natural environment. clearly, there is need to modify the model so that even with
small delays, the naturally observed variations are reproduced.

As we increase the delay 72, the density of species 2 keeps increasing while that of z1 keeps
decreasing. At 7o = 7, the species x2 is the dominant species with the changeover taking place at
T2 = 3.8

7 T T T T T T T T
: : : : y : Mutrient

species x,

species }(2

Armount of nutrients/species density

i 1 1 i 1 i 1 1
0 100 200 300 400 500 GO0 700 800 900
time t

Fig. 2. A graph showing Coexistence at , m» =7

However when we get near the bifurcation point which occurs at 72 = 24, periodic variations keeps
being persistence for longer. The diagram is as shown in the Fig. 3.

The Figure illustrates the effects of large delays. The results are similar to those in Fig. 2. in terms
of coexistence. In the event we have competing species, coexistence is guaranteed and variations on
species density is clearly demonstrated. However in order to model variations for both small and
large variations we incorporate periodicity in form of Fourier series function.

Incorporation of periodic nutrient input through a Fourier series function results in an even better
model on natural environments as demonstrated by figure 4 with 71 = 0 and 72 = 1. The simulations
gives interesting insights into the model. We see that even in times of below-average nutrient supply,
there are occasional spices as expected in natural environments. In nature, assuming nutrients is
washed into a lake by rain water, we do expect occasional rains that add nutrients. This is especially
true in the tropics. The results agree with those obtained in Fig. 1. and as 72 increases, so does its
average density.

It is important to note that in chemostat equations, when we use a Fourier series to vary the
nutrients periodically as well as evaluate the discrete delay at the bifurcation point 7 = 24, then
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D ; ; ! ! ! ; ' '
: : : ] : : Mutrient

= — ......... ......... ......... .......... ......... species X, H

species }(2 H

Armnount of nutrients/species density

0 i : : B! !
0 1DD 200 BDD 400 500 GO0 700 800 200

Mutrient

m
in

Species x

1

SpECIES .

m

i ' [rm,-mnuu|||]|||]||||||||[[rrm

i
m

i

i i i ; i
a 100 QDD 300 400 500 EDD ?DD BDD 0o
tirme t

Arnount of nutrients/species density
[}
o

I ‘
2.5 |‘

L

Fig. A graph of two species at, 2 = 1 with periodic nutrient

periodicity seems to be caused more by the delay other than the periodic term.

Fig. 3. shows a diagram for a model without periodic nutrient input while Fig. 5. shows the
same diagram with periodic nutrient input. While the equilibrium points remain similar in both
diagrams, Fig. 5. shows regions where the influence of either the periodic nutrient input or delays
play a major role. Fig. 4. clearly confirms that when the delay is small, then periodicity is more
significant and both play a big role in modelling natural environments.
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| 'H ﬁ/u’

Nutrient
species %, []

species x, ||

Arnount of nutrients/species density

|

h
400 500 600 70O @
time 1

Fig. 5. A graph of two species at the bifurcation point, m = 24 with periodic nutrient

These results are replicated if we let 71 # 0 and 72 =0

When we have 71 > 0, and 72 > 0, and nutrient input varied periodically, numerical computation
show that species coexist.

m

Nutrient
species x,
Species

WHW Hnl\iwl‘m
e e

=
T

Amount of nutrients/species density
w

1}

¢ w0 mo W & &5 @9 T @o o

time 1
Fig. 6. A graph of two species with two distinct delays 7 =1 and 7 = 3 and periodic
nutrient input

This is the situation that mimics nature more accurately. Species naturally lives in the same
ecosystem even in cases where we have some limited nutrients. In addition, species usually contain
delays even though some species may have smaller or larger delays compared to others and depending
on the problem being modelled. It’s unlikely that any of the delays will be zero at any time. In
addition when both delays are greater than zero,we note that the species with the larger delay
seems to persist in higher density than those with smaller delay. When delay terms are incorporated
with periodic nutrient, they also mimic the natural environment closely. Naturally, even though
competing species coexist, they comprise of distinct delay terms.
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H‘ i)

I i
300 ADD EDD 600

Mutrient
species x,

Mutrient
species x, ||

species x,

il

1
o 1DD QDD EDD ADD SDD EDD 700 EDD 00 0

species x,

Arnount of nutrients/species density
Arnount of nutrients/species density

)

o0

time t time t
Fig. 7. Graph of 1 = land 72 = 17 and Fig. 8. Graph of 71 = 17and = = 1 and
periodic nutrient input periodic nutrient input

5 Conclusion

The inclusion of discrete delays in a periodic chemostat model to cater for the time taken in nutrient
conversion is not just an approach to ensure coexistence holds but also a natural fact to explain that
consumption cannot at any time imply instant growth. Both numerical and analytical computations
show that incorporating delay terms provokes periodic solutions. It is also clear that incorporating
both delays and periodicity results in a much better prediction of natural environments and both
play an important role in determining how species coexist with each other. The model where the
two delays are distinct are more realistic because species do not contain the same delays in size,
growth and development, as well as age, which are the main factors that define maturity. The
species with larger delay exists in a greater density compared to the one with small delays as shown
in Fig. 7 and 8.
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