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Abstract: In this work, we numerically study a dynamic frictional contact problem between a
thermo-piezoelectric body and a conductive foundation. The linear thermo-electro-elastic constitutive law
is employed to model the thermo-piezoelectric material. The contact is modelled by the Signorini condition
and the friction by the Coulomb law. A frictional heat generation and heat transfer across the contact surface
are assumed. The heat exchange coefficient is assumed to depend on contact pressure. Hybrid formulation
is introduced, it is a coupled system for the displacement field, the electric potential, the temperature and
two Lagrange multipliers. The discrete scheme of the coupled system is introduced based on a finite
element method to approximate the spatial variable and an Euler scheme to discretize the time derivate. The
thermo-mechanical contact is treated by using an augmented Lagrangian approach. A solution algorithm is
discussed and implemented. Numerical simulation results are reported, illustrating the mechanical behavior
related to the contact condition.

Keywords: Thermo-piezoelectricity; Heat transfer; Frictional heat generation; Finite element; Augmented
Lagrangian method; Numerical simulations.

1. Introduction

T he effective conversion of the electrical energy into mechanical energy and vice versa has led the
piezoelectric materials to important applications in many engineering structures such as sensors,

actuators, intelligent structures, etc. Thermal effects, such as temperature induced deformation and the
pyroelectric effect, are especially important for many smart ceramic materials. Thus, a coupling of
thermo-electro-mechanical fields is needed to be taken into account if a temperature load is considered in
a piezoelectric solid. Models taking into account thermal and piezoelectric effects can be found in [1–3].

Thermal effects in contact processes affect the composition and stiffness of the contacting surfaces, and
cause thermal stresses in the contacting bodies. When extending contact problems to thermomechanics,
additional thermal effects need to be accounted for: heat conduction appears through the contact
interface and frictional work is converted to heat. Recent models of frictional contact problems involving
thermo-piezoelectric materials can be found in [4–6] and the references therein. There, besides the rigorous
construction of various mathematical models of contact for thermo-piezoelectric materials, the unique weak
solvability of these models was proved, by using arguments of variational and hemivariational inequalities.
Numerical analysis of the problems, including numerical simulations, can be found in [7,8]. In [7] the process
was assumed to be static, the contact was described with Signorini condition and Tresca’s law of dry friction,
and a regularized electrical and thermal conductivity conditions and, in [8], the process was assumed to be
quasistatic, the contact was assumed to be bilateral, in which contact is always maintained; and associated
to the Tresca friction law, and to the heat exchange condition. There, discrete schemes to approximate the
problems were considered and implemented in a numerical code, and numerical simulations were provided.

The present paper represents a continuation of [8] and it deals with a mathematical model which describes
the frictional contact between a thermo-piezoelectric body and a thermally conductive foundation. We use
both the thermo-electro-elastic constitutive law used in [8] but unlike [8], we assume here that the process is
dynamic and the foundation is completely rigid and we model the contact with the Signorini condition with
Coulomb’s law of dry friction. This condition is other physical setting (see, e.g., [9,10]). Also, note that, unlike
[8]; here the model includes frictional heat generation and the heat exchange condition, in which the heat
exchange coefficient is not a constant but a function of the contact pressure (see [11,12]). The other trait of
novelty of the present paper consists in the fact that here we deal with the numerical approach of the problem
and provide numerical simulations. The corresponding numerical scheme is based on the spatial and temporal
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discretization. Furthermore, the spatial discretization is based on the finite element method, while the temporal
discretization is based on the Euler scheme. Then, the scheme was utilized as a basis of a numerical code for the
problem, in which we develop a specific contact element. We need this element in order to take into account
the coupling of the mechanical and thermal unknows on the contact boundary condition. By using the code,
simulation results on numerical example are presented.

The rest of paper is structured as follows. In Section 2, we describe our model. Section 3 introduces the
variational formulation of the problem, and a fully discrete variational approximation by considering a hybrid
formulation. The numerical algorithm used for solving the discrete problem is described in Section 4, where
some numerical simulations are also presented to highlight the performance of the method and the effects of
the conductivity of the foundation, as well. Finally, in Section 5, we present some conclusions and perspectives.

2. The model

The physical setting is the following: A piezoelectric body occupies a regular domain Ω ⊂ Rd (d = 2, 3)
with a smooth boundary ∂Ω = Γ. The body is submitted to the action of body forces of density f0, a volume
electric charges of density φ0 and a heat source of constant strength ϑ0. It is also submitted to mechanical,
electric and thermal constraints on the boundary. To describe them, we consider a partition of Γ into three
measurable parts ΓD, ΓN , ΓC, on one hand, and a partition of ΓD ∪ ΓN into two open parts Γa and Γb, on
the other hand. We assume that meas ΓD > 0 and meas Γa > 0. The body is clamped on ΓD, therefore, the
displacement field vanishes there. Moreover, we assume that a density of traction forces, denoted by fN ,
acts on the boundary part ΓN . We also assume that the electrical potential vanishes on Γa and a surface electric
charge of density φb is prescribed on Γb. We suppose that the temperature vanishes in ΓD ∪ ΓN . In the reference
configuration, the body is in contact over ΓC with a thermally conductive foundation. The contact is modelled
with a Signorini’s conditions and a version of Coulomb’s law dry friction. Here, we study the evolution of the
state of the system on a finite time interval [0, T], with T > 0. Here and everywhere in this paper i, j, k, l run
from 1 to d, summation over repeated indices is implied and the index that follows a comma represents the
partial derivative with respect to the corresponding component of the spatial variable, i.e., f,i =

∂ f
∂xi

.

We denote by u = (ui) ∈ Rd the displacement vector, by σ = (σij) ∈ Sd the stress tensor, by ”(u) =

(εij(u)) ∈ Sd the linearized strain tensor, i.e., εij(u) = (ui,j + uj,i)/2, by E(ϕ) = −∇ϕ = −(ϕ,i) ∈ Rd the
electric vector field, where ϕ ∈ R is the electric potential, and by θ ∈ R the temperature. The notation Sd stands
for the space of second order symmetric tensors on Rd. We also use the dot to denote the time derivative, so u̇ =
(u̇i) represents the velocity vector. The functions u : Ω× [0, T] → Rd, σ : Ω× [0, T] → Sd, ϕ : Ω× [0, T] → R
and θ : Ω× [0, T]→ R are the unknowns of the problem, and, for simplicity, we do not indicate the dependence
the functions on the variables x ∈ Ω and t ∈ [0, T].

The body is assumed to be thermo-electro-elastic and, therefore, we use the constitutive law

σ = F”(u)− ETE(ϕ)− θM in Ω× (0, T),
D = E”(u) + βE(ϕ)− θP in Ω× (0, T),

and the heat flux vector q = (qi) ∈ Rd is given by the Fourier law of heat conduction

q = −K∇θ in Ω× (0, T).

Here D = (Di) is the electric displacement field and F = ( fijkl), E = (eijk), β = (βij),M = (mij), P = (pi)
andK = (kij) are respectively, the elasticity, piezoelectric, electric permittivity, thermal expansion, pyroelectric
and thermal conductivity tensors. ET denotes the transpose of E ; also, the tensors E and ET satisfy the equality
Eσ · v = σ · ETv ∀σ ∈ Sd, v ∈ Rd, and the components of the tensor ET are given by eT

ijk = ekij.
Since the process is assumed dynamic, then the equation of stress equilibrium, the equation of the

quasistationary electric field, and the heat conduction equation are

Divσ + f0 = ρü in Ω× (0, T),
÷D = φ0 in Ω× (0, T),

θre f
(
αθ̇ +M”(u̇) + PE(ϕ̇)

)
+÷q = ϑ0 in Ω× (0, T).

Here α is given as α = ρcν/θre f , where ρ is the mass density, cν is the specific heat and θre f is the reference
uniform temperature of the body. Moreover, Div and ÷ represent the divergence operators for tensor and
vector functions, i.e., Divσ = (σij,j), ÷Y = (Yi,i).
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We turn to describe the boundary conditions, so we denote by ν = (νi) the unit outward normal on Γ.
Then, on the ΓD ∪ ΓN portion of the boundary, we impose the following conditions

u = 0 on ΓD × (0, T),
σν = fN on ΓN × (0, T).

The boundary conditions for the electric potential can be defined in the following forms:

ϕ = 0 on Γa × (0, T),
D · ν = φb on Γb × (0, T).

Next, on ΓD ∪ ΓN we prescribe a Dirichlet condition for the temperature, say,

θ = 0 on ΓD ∪ ΓN × (0, T).

We now describe the thermo-mechanical boundary conditions on the potential contact surface ΓC. We assume
that the normal displacement uν = u · ν and the normal stress σν = σν · ν satisfy the Signorini’s contact
conditions

uν ≤ 0, σν ≤ 0, σνuν = 0 on ΓC × (0, T).

The corresponding Coulomb law of dry friction may be stated as follows:
if u̇τ = 0 then ‖στ‖ ≤ µ|σν|,

if u̇τ 6= 0 then στ = −µ|σν|
u̇τ

‖u̇τ‖
,

on ΓC × (0, T).

Here u̇τ = u̇ − u̇νν is the tangential velocity, στ = σν − σνν represents the tangential force on the contact
boundary and µ ≥ 0 is the coefficient of friction.

Next, we describe the boundary condition for the temperature on ΓC. We assume that there is heat
exchange between the surface and the foundation, which is at temperature θ f . Moreover, since the flux of
heat generated by the friction traction on the contact surface is proportional to the tangential shear στ and to
the tangential velocity u̇τ of the surface, we assume a boundary condition of the following form

q · ν = kc(σν)(θ − θ f )− µ|σν|‖u̇τ‖ on ΓC × (0, T),

where kc(·) is the normal pressure dependent heat exchange coefficient and has to satisfy kc(0) = 0. This
condition guarantees that there is no heat flux between the body and the foundation if they are not in contact.
For kc(·), we employ a linear model kc(σν) = k̄c|σν|, where k̄c ≥ 0 is model constant, see [11].

We collect the above equations and conditions to obtain the following mathematical problem.
Problem P. Find a displacement field u : Ω× [0, T]→ Rd, a stress field σ : Ω× [0, T]→ Sd, an electric potential field
ϕ : Ω× [0, T]→ R, an electric displacement field D : Ω× [0, T]→ Rd, a temperature field θ : Ω× [0, T]→ R, and a
heat flux q : Ω× [0, T]→ Rd such that

σ = F”(u)− ETE(ϕ)− θM in Ω× (0, T), (1)

D = E”(u) + βE(ϕ)− θP in Ω× (0, T), (2)

q = −K∇θ in Ω× (0, T), (3)

Divσ + f0 = ρü in Ω× (0, T), (4)

÷D = φ0 in Ω× (0, T), (5)

θre f
(
αθ̇ +M”(u̇) + PE(ϕ̇)

)
+÷q = ϑ0 in Ω× (0, T), (6)

u = 0 on ΓD × (0, T), (7)

σν = fN on ΓN × (0, T), (8)

σν ≤ 0, uν ≤ 0, σνuν = 0 on ΓC × (0, T), (9)

‖στ‖ ≤ µ|σν|

στ = −µ|σν|
u̇τ

‖u̇τ‖
if u̇τ 6= 0

 on ΓC × (0, T), (10)

ϕ = 0 on Γa × (0, T), (11)
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D · ν = φb on Γb × (0, T), (12)

θ = 0 on ΓD ∪ ΓN × (0, T), (13)

q · ν = kc(σν)(θ − θ f )− µ|σν|‖u̇τ‖ on ΓC × (0, T), (14)

u(0) = u0, u̇(0) = v0, ϕ(0) = ϕ0, θ(0) = θ0 in Ω. (15)

Here, u0, v0, ϕ0 and θ0 are the prescribed initial displacement, velocity, electric potential and temperature,
respectively.

3. Variational formulation and its approximation

3.1. A hybrid variational formulation

We now turn to the variational formulation of Problem P which is the starting point for the numerical
modelling based on the finite element discretization. We denote in the sequel by “ · ” and ‖ · ‖ the inner
product and the Euclidean norm on the spaces Rd and Sd. We introduce the spaces and we use the notation
H = [L2(Ω)]d, and we introduce the spaces

V = {w ∈ [H1(Ω)]d ; w = 0 on ΓD},
W = {ξ ∈ H1(Ω) ; ξ = 0 on Γa},
Q = {η ∈ H1(Ω) ; η = 0 on ΓD ∪ ΓN},
H = {τ = (τij) ; τij = τji ∈ L2(Ω)}.

The spaces H, V, W, Q andH are real Hilbert spaces endowed with the canonical inner products given by

(u, w)H =
∫

Ω
u ·w dx,

(u, w)V =
∫

Ω
”(u) · ”(w) dx,

(ϕ, ξ)W =
∫

Ω
∇ϕ · ∇ξ dx,

(θ, η)Q =
∫

Ω
∇θ · ∇η dx,

(σ, τ)H =
∫

Ω
σ · τ dx.

We consider the trace spaces Xν = {wν |ΓC
: w ∈ V} and Xτ = {wτ |ΓC

: w ∈ V} equipped with their usual
norms. Denote respectively by X∗ν and X∗τ the dual of the spaces Xν and Xτ .

We consider the three mappings f : [0, T] −→ V, φ : [0, T] −→W and ϑ : [0, T] −→ Q defined by

(f(t), w)V =
∫

Ω
f0(t) ·w dx +

∫
ΓN

fN(t) ·w da, ∀w ∈ V,

(φ(t), ξ)W =
∫

Ω
φ0(t)ξ dx−

∫
Γb

φb(t)ξ da, ∀ξ ∈W,

(ϑ(t), η)Q =
∫

Ω
ϑ0(t)η dx, ∀η ∈ Q.

Then, the hybrid variational formulation of the contact problem P obtained by multiplying the equations with
the relevant test functions and performing integration by part, is as follows.
Problem PV . Find a displacement field u : [0, T] −→ V, a normal stress λν : [0, T] −→ X∗ν , a tangential stress
λτ : [0, T] −→ X∗τ , an electric potential field ϕ : [0, T] −→ W and a temperature field θ : [0, T] −→ Q such that for
a.e., t ∈ (0, T)

(ρü(t), w)H + (F”(u(t)), ”(w))H + (ET∇ϕ(t), ”(w))H − (Mθ(t), ”(w))H

= (f(t), w)V +
∫

ΓC

λν(t)wν da +
∫

ΓC

λτ(t) ·wτ da ∀w ∈ V,

(β∇ϕ(t),∇ξ)H − (E”(u(t)),∇ξ)H − (Pθ(t),∇ξ)H = (φ(t), ξ)W ∀ ξ ∈W,
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(
θre f
(
αθ̇(t) +M”(u̇(t))−P∇ϕ̇(t)

)
, η
)

L2(Ω)
+ (K∇θ(t),∇η)H +

∫
ΓC

kc(λν(t))
(
θ(t)− θ f

)
η da

−
∫

ΓC

µ|λν(t)|‖u̇τ(t)‖η da = (ϑ(t), η)Q ∀ η ∈ Q,

− λν(t) ∈ ∂IR−(uν(t)) in X∗ν , (16)

− λτ(t) ∈ µ|λν(t)|∂‖u̇τ(t)‖ in X∗τ , (17)

u(0) = u0, v(0) = v0, ϕ(0) = ϕ0, θ(0) = θ0.

The inclusion in Equation (16) represents the Signorini contact condition (9). Here, ∂ denotes the subdifferential
operator in the sense of convex analysis and IR− denotes the indicator function of the negative half-line. Recall
also that, the inclusion in Equation in (17) represents the subdifferential form of Coulomb’s law of dry friction
(10), see [9] for details.

3.2. Numerical approximation

This section is devoted to the numerical discretization of the of problem PV . First, we consider tree finite
dimensional spaces Vh ⊂ V, Wh ⊂ W and Qh ⊂ Q approximating the spaces V, W and Q, respectively, in
which h > 0 denotes the spatial discretization parameter, and let Uh = U ∩ Vh. In the numerical simulations
presented in the next section, Vh, Wh and Qh consist of continuous and piecewise affine functions, that is,

Vh = {wh ∈ [C(Ω)]d ; wh
|Tr
∈ [P1(Tr)]d Tr ∈ T h, wh = 0 on ΓD},

Wh = {ξh ∈ C(Ω) ; ξh
|Tr
∈ P1(Tr) Tr ∈ T h, ξh = 0 on Γa},

Qh = {ηh ∈ C(Ω) ; ηh
|Tr
∈ P1(Tr) Tr ∈ T h, ηh = 0 on ΓD ∪ ΓN},

where Ω is assumed to be a polygonal domain, T h denotes a finite element triangulation of Ω, and P1(Tr)
represents the space of polynomials of global degree less or equal to one in Tr.

To discretize the time derivatives, we use a uniform partition of [0, T], denoted by 0 = t0 < t1 < . . . <
tN = T. Let k be the time step size, k = T/N, and for a continuous function f (t) let fn = f (tn). Finally, for a
sequence {wn}N

n=0 we denote by δwn = (wn − wn−1)/k the divided differences.
We now consider the spaces Xh

ν = {wh
ν |ΓC

: wh ∈ Vh} and Xh
τ = {wh

τ |ΓC
: wh ∈ Vh} equipped with

its usual norm. We also consider the discrete space of piecewise constants X∗ν
h ⊂ L2(ΓC) and X∗τ

h ⊂ L2(ΓC)
d

related to the discretization of the normal and the tangential stress, respectively.
The fully discrete approximation of Problem PV , based on the Euler scheme, is the following:

Problem Phk
V . Find a discrete displacement uhk = {uhk

n }N
n=0 ⊂ Vh, a discrete velocity vhk = {vhk

n }N
n=0 ⊂ Vh, a

discrete normal stress λhk
νn = {λhk

νn}
N
n=0 ⊂ X∗ν

h, a discrete tangential stress λhk
τn = {λhk

τn}
N
n=0 ⊂ X∗τ

h, a discrete electric
potential ϕhk = {ϕhk

n }N
n=0 ⊂Wh and a discrete temperature θhk = {θhk

n }N
n=0 ⊂ Qh such that, for all n = 1, . . . , N,

(ρδvhk
n , wh)H + (F”(uhk

n ), ”(wh))H + (ET∇ϕhk
n , ”(wh))H − (Mθhk

n , ”(wh))H

= (fn, wh)V +
∫

ΓC

λhk
νn wh

ν da +
∫

ΓC

λhk
τn ·w

h
τ da ∀wh ∈ Vh,

(β∇ϕhk
n ,∇ξh)H − (E”(uhk

n ),∇ξh)H − (Pθhk
n ,∇ξh)H = (φn, ξh)W ∀ ξh ∈Wh,(

θre f
(
αδθhk

n +M”(δuhk
n )−P∇δϕhk

n
)
, ηh
)

L2(Ω)
+ (K∇θhk

n ,∇ηh)H +
∫

ΓC

kc(λ
hk
νn )
(
θhk

n − θh
f
)
ηh da

−
∫

ΓC

µ|λhk
νn |‖δuhk

τn‖η
h da = (ϑn, ηh)Q ∀ ηh ∈ Qh,

− λhk
νn ∈ ∂IR−(u

hk
νn ) in X∗ν

h, (18)

− λhk
τn ∈ µ|λhk

νn |∂‖δuhk
τn‖ in X∗τ

h, (19)

uhk
n = uhk

0 +
n

∑
j=1

kvhk
j .
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Here, uhk
0 , vhk

0 , ϕhk
0 and θhk

0 are appropriate approximation of the initial condition u0, v0, ϕ0, θ0 and λhk
0 = 0.

4. Numerical example

4.1. A solution algorithm

We now describe the numerical solution of the hybrid variational Problem Phk
V . The numerical treatment

of the conditions (18) and (19) is based on the augmented Lagrangian approach (see [10,13] for more details).
To this end we introduce the notation λ = λνν + λτ , where λν = λ.ν and λτ = λ− λνν. Let Nh

tot be the total
number of nodes and denote by αi, βi, γi the basis functions of the spaces Vh, Wh and Qh, respectively, for
i = 1, . . . , Nh

tot. Then, the expression of functions wh ∈ Vh, ξh ∈Wh and ηh ∈ Qh is given by

wh =
Nh

tot

∑
i=1

wiαi, ξh =
Nh

tot

∑
i=1

ξ iβi, ηh =
Nh

tot

∑
i=1

ηiγi,

where wi, ξ i and ηi represent the values of the corresponding functions wh, ξh and ηh at the ith node of T h.
It can be shown that the numerical approach of Problem Phk

V is governed at each time step n by a system
of non-linear equations of the form

R(δvn, δϕn, δθn, vn, un, ϕn, θn, λn) = M̃(δvn) + Ã(vn, δϕn, δθn) + G̃(un, ϕn, θn) + F̃(un, θn, λn) = 0, (20)

where the functions M̃, Ã, G̃ and F̃ are defined below. Here, the vectors δvn ∈ Rd×Nh
tot , δϕn ∈ RNh

tot , δθn ∈ RNh
tot ,

vn ∈ Rd×Nh
tot , un ∈ Rd×Nh

tot , ϕn ∈ RNh
tot , θn ∈ RNh

tot and λn ∈ Rd×Nh
ΓC are defined by δvn = {δvi

n}
Nh

tot
i=1 , δϕn =

{δϕi
n}

Nh
tot

i=1 , δθn = {δθi
n}

Nh
tot

i=1 , vn = {vi
n}

Nh
tot

i=1 , un = {ui
n}

Nh
tot

i=1 , ϕn = {ϕi
n}

Nh
tot

i=1 , θn = {θi
n}

Nh
tot

i=1 , λn = {λi
n}

Nh
ΓC

i=1 , where

δvi
n =

vi
n−vi

n−1
k , δϕi

n =
ϕi

n−ϕi
n−1

k , δθi =
θi

n−θi
n−1

k , vi
n =

ui
n−ui

n−1
k , ui

n, ϕi
n, and θi

n represent the value of the function
δvhk

n , δϕhk
n , δθhk

n vhk
n , uhk

n , ϕhk
n and θhk

n at the ith nodes of T h. λi
n denotes the value of λhk

n at the ith node of the
discretized contact interface, where Nh

ΓC
denotes the total number of nodes of ith lying on ΓC.

Next, the generalized acceleration term M̃(a) ∈ Rd×Nh
tot × RNh

tot × RNh
tot × Rd×Nh

ΓC , the generalized

damping term Ã(v, Φ, Θ) ∈ Rd×Nh
tot ×RNh

tot ×RNh
tot ×Rd×Nh

ΓC and the generalized thermo-electro-elastic term

G̃(u, ϕ, θ) ∈ Rd×Nh
tot ×RNh

tot ×RNh
tot ×Rd×Nh

ΓC are defined by M̃(a) =
(
M(a), 0Nh

tot
, 0Nh

tot
, 0d×Nh

ΓC

)
, Ã(v, Φ, Θ) =(

A(v, Φ, Θ), 0d×Nh
ΓC

)
and G̃(u, ϕ, θ) =

(
G(u, ϕ, θ), 0d×Nh

ΓC

)
. Here 0Nh

tot
is the zero element of RNh

tot and 0d×Nh
ΓC

is the zero element of Rd×Nh
ΓC ; also, M(a) ∈ Rd×Nh

tot , A(v, Φ, Θ) ∈ Rd×Nh
tot × RNh

tot × RNh
tot and G(u, ϕ, θ) ∈

Rd×Nh
tot × RNh

tot × RNh
tot denotes the acceleration term, the damping term and the thermo-electro-elastic term,

given by(
M(a) ·w

)
Rd×Nh

tot
= (ρah, wh)L2(Ω)d ,(

A(v, Φ, Θ) · (w, ξ, η)
)
Rd×Nh

tot×RNtot×RNtot
=
(
θre f (αΘh +M”(vh)−P∇Φh), ηh)

L2(Ω)
,(

G(u, ϕ, θ) · (w, ξ, η)
)
Rd×Nh

tot×RNtot×RNtot
= (F”(uh)−Mθh, ”(wh))H + (E”(wh),∇ϕh)H

− (E”(uh)− β∇ϕh + Pθh,∇ξh)H + (K∇θh,∇ηh)H − (fn, wh)V − (φn, ξh)W − (ϑn, ηh)Q,

∀w ∈ Rd×Nh
tot , ξ ∈ RNh

tot , η ∈ RNh
tot , wh ∈ Vh, ξh ∈ Wh, and ηh ∈ Qh. Above, w, ξ and η represent the

generalized vectors of components wi, ξ i and ηi, for i = 1, · · · , Nh
tot, respectively. Finally, the generalized

contact operator F̃(u, θ, λ) ∈ Rd×Nh
tot ×RNh

tot ×RNh
tot ×Rd×Nh

ΓC is defined by F̃(u, θ, λ) =
(
∇uLr, 0Nh

tot
, k̄c
(
λν −

ruν

)
−(θ− θ f )− PC[µ(λν−ruν)− ](λτ − rδuτ) · δuτ ,∇λLr), where∇x represents the gradient operator with respect

the variable x. Also Lr denote the augmented Lagrangian functional for the contact and friction terms,

Lr(uh, λh) = uh
νλh

ν + δuh
τ · λh

τ +
r
2
(uh

ν)
2 +

r
2
|δuh

τ |2 −
1
2r

(
λh

ν − ruh
ν +

(
λh

ν − ruh
ν

)
−

)2

− 1
2r
∣∣λh

τ − rδuh
τ − PC[µ(λh

ν−ruh
ν)− ]

(λh
τ − rδuh

τ)
∣∣2,
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where r > 0 is an augmentation parameter, PC[ρ] is the orthogonal projection on the Coulomb convex disk of
constant radius ρ, and (·)− is the negative part of x ∈ R, i.e., (x)− = max(−x, 0).

Let F (u, θ, λ) ∈ Rd×Nh
tot × RNh

tot × Rd×Nh
ΓC the thermo-mechanical frictional contact operator defined

through the relation(
F (u, θ, λ) · (w, η, γ)

)
Rd×Nh

tot×RNh
tot×R

d×Nh
ΓC

=
∫

ΓC

∇uLr(uh, λh).wh da +
∫

ΓC

∇λLr(uh, λh).γh da

+
∫

ΓC

k̄c
(
λh

ν − ruh
ν

)
−(θ

h − θh
f )η

h da−
∫

ΓC

(
PC[µ(λh

ν−ruh
ν)− ]

(λh
τ − rδuh

τ) · δuh
τ

)
ηh da,

∀w ∈ Rd×Nh
tot , η ∈ RNh

tot , γ ∈ Rd×Nh
ΓC , wh ∈ Vh, ηh ∈ Qh, and γh ∈ X∗hν ×X∗hτ . The solution of the non-linear

system (20) is based on a linear iterative method similar to that used in the Newton method, which permits
to treat simultaneously the four unknowns un, ϕn, θn and λn and, for this reason, we use in what follows the
notation xn = (un, ϕn, θn, λn). This Newton algorithm can be summarized by the following iteration process

xi+1
n+1 = xi

n+1 −
(

Pi
n+1
k2 +

Qi
n+1
k

+ Ki
n+1 + Ti

n+1

)−1

× R

(
vi

n+1 − vn

k
,

ϕi
n+1 − ϕn

k
,

θi
n+1 − θn

k
, vi

n+1, ui
n+1, ϕi

n+1, θi
n+1, λi

n+1

)
,

where xi+1
n+1 denotes the quadruple (ui+1

n+1, ϕi+1
n+1, θi+1

n+1, λi+1
n+1); i and n represent respectively the Newton

iteration index and the time index; Pi
n+1 = DuM(δvi

n+1) denotes the mass matrix, Qi
n+1 =

Du,ϕ,θA(δui
n+1, δϕi

n+1, δθi
n+1) denotes the damping matrix, Ki

n+1 = Du,ϕ,θG(ui
n+1, ϕi

n+1, θi
n+1) represents the

elastic matrix and Ti
n+1 = Du,θ,λF (ui

n+1, θi
n+1, λi

n+1) is the contact tangent matrix; also, DuM, Du,ϕ,θA, Du,ϕ,θG
and Du,θ,λF denote the differentials of the functions M, A, G and F with respect to the variables u, ϕ, θ and
λ. This leads us to solve the resulting linear system(

Pi
n+1
k2 +

Qi
n+1
k

+ Ki
n+1 + Ti

n+1

)
∆xi = −R

(
vi

n+1 − vn

k
,

ϕi
n+1 − ϕn

k
,

θi
n+1 − θn

k
, vi

n+1, ui
n+1, ϕi

n+1, θi
n+1, λi

n+1

)
,

where ∆xi = (∆ui, ∆ϕi, ∆θi, ∆λi) with ∆ui = ui+1
n+1 − ui

n+1, ∆ϕi = ϕi+1
n+1 − ϕi

n+1, ∆θi = θi+1
n+1 − θi

n+1 and
∆λi = λi+1

n+1 − λi
n+1.

Note that formulation (20) has been implemented in the open-source finite element library GetFEM++
(see [14]).

4.2. Numerical results

For the numerical simulations we consider the physical setting depicted in Figure 1. In this case the body
Ω = (0, 4)× (0, 1) ⊂ R2 is clamped on ΓD = [0, 1]×{0} and the electric potential is free there (we choose ΓD =
Γa). Let ΓN = ({4} × [0, 1]) ∪ ([0, 4]× {1}) = Γb. Vertical tractions act on the part [0, 4]× {1} of the boundary,
i.e., fN(x1, x2, t) = (0,−5 x1 t) N/m and the part {4} × [0, 1] is traction free. The body is in contact with a
conductive foundation on its lower boundary ΓC = [0, 4]× {0}. We suppose that the temperature vanishes in
ΓD ∪ ΓN . The body is subjected to action of a volume force of density f0 = (x1, x2, t) = (0,−10) N/m2. No
electric charges and no volume heat source are supposed to act in the body, i.e., q0 = 0 C/m2, qb = 0 C/m and
ϑ0 = 0 W/m2.

Here, we use as material the thermo-piezoelectric body whose constants are taken as [2]. The following
data have been used in the numerical simulations:

r = 107 N/m2, µ = 0.2, k̄c = 1, θ f = 393 K, θre f = 293 K.

T = 10 s, u0 = 0 m, v0 = 0 m/s, ϕ0 = 0 V, θ0 = 0 K.

Our interest in this example is to study the influence of the thermal conductivity of the foundation on the
contact process and, to this end, we consider the problem both in the case when the foundation is insulated
there are no heat flux on ΓC (i.e. q · ν = 0 on ΓC) and in the case when it is thermally conductive. Figure
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Figure 1. Physical setting.

Figure 2. Amplified deformed mesh in the case of an insulated foundation (left) and in the case of a conductive
foundation (right).

2 presents the deformed configurations for the two previously mentioned cases, at final time. We can easily
note that considering a thermally conductive foundation reduce the deformations. In order to highlight the
influence of the foundation temperature on the electric potential, we plot the electric potential for the two
previously mentioned cases (see Figure 3). The first case illustrates the direct piezoelectric effect: the electric
potential is generated because of the deformation. However, in the second case, we can easily note that
considering a thermally conductive foundation increases the electric potential. In Figure 4, the Von Mises stress

Figure 3. Electric potential in the case of an insulated foundation (left) and in the case of a conductive foundation
(right).

norm is plotted on the deformed configuration. Clearly, effects due to the influence of foundation temperature,
can be observed. Both temperature is plotted in Figure 5 at final time for the value θ f = 393 K.

5. Conclusion

In this paper thermo-piezoelectric contact including frictional heat generation and interfacial heat transfer
is numerically studied. The novelties arise in the fact that the process is dynamic, the material behavior is
described by a thermo-electro-elastic constitutive law and the foundation is thermally conductive. A fully
discrete scheme was used to approach the problem and a numerical algorithm which combine the augmented
Lagrangian approach with the Newton method was implemented. Moreover, numerical simulations for a
representative two-dimensional example were provided. These simulations describe the thermal effect, i.e. the
appearance of strain and voltage in the body, due to the action of the temperature field. Also, they underline
the effects of the thermal contact, i.e. heat transfer and frictional heating, on the process. Performing these
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Figure 4. The Von Mises stress norm in the case of an insulated foundation (left) and in the case of a conductive
foundation (right).

Figure 5. Temperature field in the deformed configuration.

simulations, we found that the numerical solution worked well and the convergence was rapid. This work
opens the way to study further models of frictional contact with a coefficient of friction depending on the slip
rate or the temperature.
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