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1. Introduction

roup theory, in modern algebra, the study of groups, which are systems consisting of a set of elements
G and a binary operation that can be applied to two elements of the set, which together satisfy certain
axioms. Groups are vital to modern algebra; their basic structure can be found in many mathematical
phenomena. Groups can be found in geometry, representing phenomena such as symmetry and certain types
of transformations. Group theory has applications in physics, chemistry, and computer science, and even
puzzles like Rubik’s Cube can be represented using group theory.

In 1965, Zadeh [1] introduced the notion of fuzzy sets. In 1971, Rosenfled [2] introduced fuzzy sets in
the realm of group theory and formulated the concepts of fuzzy subgroups of a group. An increasing number
of properties from classical group theory have been generalized. Many authors have worked on fuzzy group
theory [3-5]. Especially, some authors considered the fuzzy subgroups with respect to a t-norm and gave some
results [5-7]. The concept of intuitionistic fuzzy set was introduced by Atanassov [8], as a generalization of
the notion of fuzzy set. The theory of intuitionistic fuzzy set is expected to play an important role in modern
mathematics in general as it represents a generalization of fuzzy set. After the concept of intuitionistic fuzzy set
was introduced, several papers have been published by mathematicians to extend the classical mathematical
concepts and fuzzy mathematical concepts to the case of intuitionistic fuzzy mathematics. In the case of
intuitionistic fuzzy mathematics, there were some attempts to establish a significant and rational definition
of intuitionistic fuzzy group. Zhan and Tan [9] defined intuitionistic fuzzy subgroup as a generalization of
Rosenfeld’s fuzzy subgroup.

By starting with a given classical group they define intuitionistic fuzzy subgroup using the classical binary
operation defined over the given classical group. The author by using norms, investigated some properties of
fuzzy algebraic structures [10]. In this paper, by using norms( -norm T and s-norm S) we define intuitionistic
fuzzy subgroups of group G as IFGN(G) and normality of G as NIFGN(G). Also we investigate algebriac
structures and some related properties of them and prove that if A,B € IFGN(G) and A,B € NIFGN(G),
then ANB € IFGN(G) and AN B € NIFGN(G). Next we define normality between A,B € IFGN(G)
as A » B and give characterizations about them. Later we investigate them under group homomorphism
¢ : G — Hsuch thatif A € [IFGN(G) and B € IFGN(H), then ¢(A) € IFGN(H) and ¢~!(B) € IFGN(G).
Alsoif A € NIFGN(G) and B € NIFGN(H), then ¢(A) € NIFGN(H) and ¢~!(B) € NIFGN(G). Finally, if
A,B € IFGN(G) and A » B, then ¢(A) » ¢(B) and if A,B € IFGN(H) and A » B, then ¢~ 1(A) » ¢~ 1(B).

2. preliminaries

This section contains some basic definitions and preliminary results which will be needed in the sequel.
For details we refer to [6,8,11-16].

Definition 1. A group is a non-empty set G on which there is a binary operation (a,b) — ab such that
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(1) if 2 and b belong to G then ab is also in G (closure),

(2) a(bc) = (ab)c foralla,b,c € G (associativity),

(3) there is an element e € G such that aeg = eega = a for all a € G (identity),

(4) if a € G, then there is an element a~! € G such that aa~! = a~la = ¢ (inverse).

One can easily check that this implies the unicity of the identity and of the inverse. A group G is called
abelian if the binary operation is commutative, i.e., ab = ba for alla,b € G.

Remark 1. There are two standard notations for the binary group operation: either the additive notation, that
is (a,b) — a + b in which case the identity is denoted by 0, or the multiplicative notation, that is (a,b) — ab
for which the identity is denoted by e.

Proposition 1. Let G be a group. Let H be a non-empty subset of G. The following are equivalent:

(1) H is asubgroup of G.
(2) x,y € H implies xy~! € H for all x,y.

Definition 2. Let H be subgroup of group G. Then we say that H is normal subgroup of G if for all ¢ € G and
h € H, we have that ghg™! € H.

Definition 3. Let G and H be any two groups and f : G — H be a function. Then f is called a homomorphism
if f(xy) = f(x)f(y) forall x,y € G.

Definition 4. Let G be an arbitrary group with a multiplicative binary operation and identity e. A fuzzy subset
of G, we mean a function from G into [0, 1].

Definition 5. For sets X,Y and Z, f = (f1, f2) : X — Y x Z is called a complex mapping if f; : X — Y and
f2 1 X — Z are mappings.

Definition 6. Let X be a nonempty set. A complex mapping A = (pa,va) : X — [0,1] x [0,1] is called
an intuitionistic fuzzy set (in short, IFS) in X if ys +v4 < 1 where the mappings us : X — [0,1] and
v4 @ X — [0,1] denote the degree of membership (namely p4(x)) and the degree of non-membership (namely
va(x)) for each x € X to A, respectively. In particular 0. and 1. denote the intuitionistic fuzzy empty set and
intuitionistic fuzzy whole set in X defined by 0 (x) = (0,1) and 1. (x) = (1,0), respectively.

We will denote the set of all IFSs in X as IFS(X).

Definition 7. Let X be a nonempty set and let A = (i 4,v4) and B = (up, vg) be IFSs in X. Then

(1) ACBiffuy <upandvy > vp.
(2) A=Biff AC Band B C A.

Definition 8. A t-norm T is a function T : [0,1] x [0, 1] — [0, 1] having the following four properties:

(T1) T(x,1) = x (neutral element),

(T2) T(x,y) < T(x,z)if y < z (monotonicity),
(T3) T(x,y) = T(y, x) (commutativity),

(T4) T(x,T(y,z)) = T(T(x,y),z) (associativity),

2)
forall x,y,z € [0,1].
It is clear that if x; > x, and y1 > yp, then T(x1,y1) > T(x2,y2).
Example 1. (1) Standard intersection T-norm Ty, (x,y) = min{x, y}.

(2) Bounded sum T-norm Tj(x,y) = max{0,x +y — 1}.
(3) algebraic product T-norm Ty (x,y) = xy.
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(4) Drastic T-norm
y ifx=1
Tp(x,y) =< x ify=1
0 otherwise.

(5) Nilpotent minimum T-norm

) min{x,y} ifx+y>1
TnM(X,]/) - { 0 otherwise.

(6) Hamacher product T-norm
0 ifx=y=0
otherwise.

Ty, (x,y) = { xy

xX+y—xy
The drastic t-norm is the pointwise smallest {-norm and the minimum is the pointwise largest t-norm:
Tp(x,y) < T(x,y) < Tmin(x,y) forall x,y € [0,1].
Recall that +-norm T will be idempotent if for all x € [0,1] we have T(x, x) = x.

Lemma 1. Let T be a t-norm. Then

T(T(x,y), T(w,z)) = T(T(x,w), T(y,2)),

forall x,y,w,z € [0,1].

Definition 9. An s-norm S is a function S : [0,1] x [0,1] — [0, 1] having the following four properties:

(1) S(x,0) =x,

(2) S(x,y) <S(x,z)ify <z,
®3) S(x,y) =Sy, x),

4) S(x,5(y,2)) = S(S(x,v),2),

forallx,y,z € [0,1].
We say that S is idempotent if for all x € [0,1], S(x, x) = x.

Example 2. The basic S-norms are Sy, (x,y) = max{x,y}, Sp(x,y) = min{1,x +y} and S,(x,y) = x +y — xy
for all x,y € [0,1], where S, is standard union, S;, is bounded sum and Sy is algebraic sum.

Lemma 2. Let S be a s-norm. Then S(S(x,y),S(w,z)) = S(S(x,w),S(y,z)), forall x,y,w,z € [0,1].

Definition 10. Let A = (pa,va) € IFS(X) and B = (pup,vp) € IFS(X). Define intesection A and B as
ANB = (ua,va) N (s, ve) = (HanB, VanB)

such that pang(x) = T(pa(x), up(x)) and vanp(x) = S(va(x),vg(y)) forall x € X.

Definition 11. Let ¢ be a function from set X into set Y such that A = (p4,v4) and B = (up,vg) be two
intuitionistic fuzzy sets in X and Y respectively. For all x € X and y € Y, we define

P(A)(Y) = (9(na)(y), e(va)(y))

_ ) (sup{pa(x) [ x € X, 9(x) = y},inf{va(x) [ x € X, 9(x) =y}) if o~ (y) #
0,1) ifg~l(y) =

Also ™1 (B)(x) = (¢ (up) (x), ¢~ ! (v) (x)) = (up(@(x)), vs(@(x)))-
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3. Intuitionistic fuzzy subgroups with respect to norms (t-norm T and s-norm S)

Definition 12. Let G be a group. An A =

(a,va) € IFS(G) is said to be intuitionistic fuzzy subgroup with

respect to norms( -norm T and s-norm S) (in short, IFGN(G)) of G if

(1) A(x )
@) Ax~

(T(na(x), pa(y)),
12 A(x),

S(va(x),va(y))),

forallx,y € G.

Remark 2. Conditions (1) and (2) of Definition 12 are equivalent to following conditions:

(D) palxy) > T(palx), naly)),
(2) pa(x~ 1) > pa(x),
(3) va(xy) < 5( va(x),va(y)),
@) va(x!) <wva(x),

forallx,y € G.

Example 3. Let (Z, +) be a group of integers. For all x € G we define a fuzzy subset y4 and v4 of G as

()= { 065
HAW) =19 035
0.20
0.80

if x € {0,+2,+4,..};
if x € {+1,43,..}.

if x € {0, +2,4+4,..};
if x € {+1,+3,..}.

va(x) = {

Let T(x,y) = Tp(x,y) = xy and S(x,y) = Sp(x,y) = x +y —xy forall x,y € [0,1], then A =
IFGN(G).

(Ha,va) €

Lemma 3. Let A = (pp,va) € IFS(G) such that G is finite group and T and S be idempotent. If A = (pua,va)
satisfies condition (1) of Definition 12, then A = (pa,va) € IFGN(G).

Proof. As G is finite so we have an x € G such that x # e and x has finite order, say n > 1 then x" = ¢ and

x~1 = x"1. Now by using condition (1) of Definition 12 repeatedly, we get that
paxh) = p(x" ) = pa (" 20) = T(pa(x" 1), pa(x) = T(pa(x), pa(x), - pa(x)) = pa(x)
and
va(x ) =va(" ) =va (") < (va(x"), va (%)) < S(Va(x),va(x), . va(x) = va ().
Thus
A = (pa(x™h),va(x™) 2 (a(x),va(x)) = Ax).
Hence A = (ua,va) € IFGN(G). O

Proposition 2. Let A = (ua,va) € IFGN(G) and T and S be idempotent. Then forall x € G, and n > 1,

(1) Ale) D Ax
(2) A(x") 2 A(x )
(3) A(x) = A(x" ).

Proof. Letx € Gand n > 1.

)

pale) = pualex™) > T(pa(x), pa(x™)) = T(na(x), na(x)) = pa(x)
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and
va(e) = va(xx™) < Swa(x),va(x™")) < S(va(x),va(x)) = va(x)
Hence
Afe) = (nale),va(e)) 2 (pa(x),va(x)) = A(x)
(2)
pa(x") = pa(xx..x) > T(pa(x), pa(x), . pa(x)) = pa(x)
and
va(x") = va(gx..x) < S(va(x),va(x), ., va(x)) = va(x)
Hence
A(x") = (pa(x"),va(x")) 2 (pa(x),va(x)) = A(x)
(3) As
pa(x) = ua((x™)) 7' > palx™) = palx)
and

va(x) =va((x 1) <vala ) <wvalx) =va(xh).

Sopa(x) = pa(x') and vy (x) = v4(x1), therefore

Ax) = (na(x),va(x)) = (pa(x™h),va(x™h) = A(x7H).
O

Proposition 3. Let A = (pa,va) € IFGN(G) and T and S be idempotent. Then A(xy) = A(y) if and only if
A(x) = Ale) forall x,y € G.

Proof. Let A(xy) = A(y) forall x,y € G.If we let y = ¢, then we get that A(x) = A(e).
Conversely, suppose that A(x) = A(e) so from Proposition 2(1), we get that A(x) 2 A(y) and A(x) D
A(xy) which mean that pz(x) > pa(y) and pa(x) > pa(xy) and va(x) < va(y) and va(x) < va(xy). Then

=
<
~—
=
=
—

=
~
=
S
~~
<
~—
~—

VALY,
==

bS

pa(

—~ —~
—_~ o~ =
< »
|~ —~
— <
<
RS
hS
—~
<
N
~—

-
hS
=
=
<
S~—

ra(x), pa(xy))
na(xy), pa(xy)) = pa(xy).

\YARIVARI
=4

So
pa(xy) = pa(y). ¢))
Also

I VAR VAN

I VAN VAN
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So
va(xy) =va(y). 2
Hence
Axy) = (nalxy),va(xy)) = (na(y),va(y)) = Aly).
O]

Definition 13. Let A = (y4,v4) € IFS(G) and B = (up,vg) € IFS(G). We define the composion of A and B
as Ao B € IFS(G) such that for all x € G, we have

(AoB)(x) = ((na,va) o (uB,vB))(x) = (HaoB(X), Vaop(x))

such that

) osup,_ ), T((ha(y), pa(z)) ifx=yz;
Haop(¥) = { ’ 0 ifx#yz,

and

UAOB(x) _ { infx:yz S((VA (y)/ VA(Z)()) iii ; iz/

Proposition 4. Let A~ = (u,',v;") € IFS(G) be the inverse of A = (ya,va) € IFS(G) such that for all x € G

ATHx) = (ua (), v (1) = (pa(x ) va(a™h)) = AT,
Let T and S be idempotent then A € IFGN(G) if and only if A satisfies the following conditions:

(1) Ao AC A;
(2) A7l = A.

Proof. Let x,y,z € Gsuch that x = yz. If A = (14, v4) € IFGN(G), then

pa(x) =pa(yz) = T(na(y), 1na(z)) = paoca(x)
and
va(x) =va(yz) < S(va(y),va(z)) = vaoa(x).
Which yield
(Ao A)(x) = (Haoa(X),Vaoa(x)) C (na(x),va(x)) = A(x).

Then Ao A C A. Also A~! = A comes from Proposition 2(3).
Conversely,let AcAC Aand A"l = A.As Ao A C A, so

na(yz) = pa(x) > paoa(x) = sup T(pa(y), pa(z)) > T(pa(y), pna(z))

x=yz
and
va(yz) =va(x) < vaoa(x) = inf S(va(y),va(z)) < S(va(y) va(2))-
Which mean that
A(yz) = (pa(yz),va(yz)) 2 (T(pa(y), na(z)), S(va(y),va(z)))- ®)
AsA 1= A, so
(%) = (na(x),va(x)) = (' (x),v, () = A7 (x). (4)

Therefore from (3) and (4) we get that A € IFGN(G). O
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Corollary 1. Let A = (pa,va) € IFGN(G) and B = (up,vg) € IFGN(G) and G be commutative group. Then
AoB € IFGN(G) ifand only if Ao B = Bo A.

Proof. If A,B, Ao B € IFGN(G), then from Proposition 4 we get that A”! = A,B~! = Band (Bo A)"! =
BoA.Now AoB=A"10B ' =(BoA)"! =BoA.
Conversely, since Ao B = Bo A we have
(AoB) '=(BoA) '=A"10oB 1 =A0B.
Also
(AoB)o(AoB)=Ao(BoA)oB=Ao(AoB)oB=(AoA)o(BoB) C BoB.

Now Proposition 4 gives us that Ao B € IFGN(G). O

Proposition 5. Let A = (pa,va) € IFGN(G) and B = (up,vg) € IFGN(G). Then ANB = (ManB,Vang) €
IFGN(G).

Proof. Let x,y € G. Then

wans(xy) = T(pa(xy), up(xy))
> T(T(pa(x),pa(y)), T(up(x), us(y)))
=T(T(pa(x), pp(x)), T(na(y), ns(y)))
= T(pars(x), #ans(y))
And
vang(xy) = S(va(xy), ve(xy))
< S(S(va(x),va(y)), S(ve(x),v(y)))
= S(S(va(x),vg(x)),S(va(y), va(y)))
= S(VA(’]B(x)/VAﬂB(y))'
Which mean that

(ANB)(xy) = (pans(xy),vans(xy)) 2 (T(#ans(x), #ans(y)), S(vans(x), vans(y)))-
Also
parp(x ) = T(ua(x™ 1), up(x™1)) > T(pa(x), up(x)) = pans(x)

and
varp(x™1) = Salx1),vp(x7")) < S(va(x),va(x)) = vanp(x).

So
(ANB)(x™") = (mans(x "), varp(x 1)) 2 (Hans(¥), varp(x)) = (AN B)(x).

Thus ANB = (ﬂAﬂBrVAﬂB> € IFGN(G) O
Corollary 2. Let I, = {1,2,...,n}. If {A; = (pa, va,) | i € In} € IFGN(G). Then A = Niep, A; € IFGN(G).

Definition 14. We say that A = (ua,v4) € IFGN(G) is normal if for all x,y € G, A(xyx~1) = A(y). Also we
denote by NIFGN(G) the set of all normal intuitionistic fuzzy groups with respect to norms (f-norm T and
s-norm S).

Proposition 6. Let A = (ya,v4) € NIFGN(G) and B = (up,vg) € NIFGN(G). Then ANB = (yanB,Vang) €
NIEGN(G).
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Proof. As Proposition 5 we have that ANB = (yang,Vang) € IFGN(G). Let x,y, € G, then

panp(xyx ) = T(pa(xyx 1), up(xyx™)) = T(ua(y), us(y)) = tans(y)

and
vang(xyx™!) = S(va(xyx™1),vp(xyx™")) = S(va(y), va(y)) = vans(y).

Thus
(ANB)(xyx™") = (pars (xyx™"), vans (xyx™)) = (rans(¥), vars(y)) = (AN B)(y).
Therefore AN B = (yang,vang) € NIFGN(G). O
Corollary 3. Let I, = {1,2,...,n}. If {A; = (pa, va,) | i € Iy} € NIFGN(G). Then A = Nicp, 4i € NIFGN(G).

Definition 15. Let A = (y4,v4) € IFGN(G) and B = (up,vp) € IFGN(G) such that A C B. Then A is called
normal of B, written A » B, if for all x,y € G we have

Alxyx™) = (ualeyx™),valxyx™)) 2 (T(naly), us(x)), S(va(y), vs(x))).

Proposition 7. (1) Let Gy and G; are subgroups of G. Then Gy is a normal subgroup of G if and only if 15, » 1g,.
(2) If T and S be idempotent, then every intuitionistic fuzzy subgroup with respect to norms( t-norm T and s-norm S)
is normal fuzzy subgroup of itself.

Proof. (1) Letx € Gy andy € G then 1g,(x) = 1 and 1g,(y) = 1. If G > G, then xyx~! € G; and so
lg, (xyx~1) =1. As1g = (1g,1g) € IFGN(G), so

1, (wyx ™) =12 1=T(1,1) = T(1g, (), 16, (x))

and
1G1 (xyxil) =1<1= 5(1/1) = S(lGl (y),le(x)).

Then
T, (xyx™1) = (1, (xyx 1), 16, (xyx ™)) 2 (T(1¢, (¥), 16,(x)), S (1, (¥), 16, (%))

Hence 1, » 1g,.
(2) Let A = (pa,va) € IFGN(G) and x,y € G then

pa(xyxt)

And

Thus
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Hence A = (pa,va) » A= (ya,va).
O

Proposition 8. Let A = (ya,va) € NIFGN(G) and B = (up,vg) € IFGN(G) such that T and S be idempotent.
Then AN B » B.

Proof. Using Proposition 5, we get that AN B € IFGN(G). Let x,y € G, then

And

vang(xyx ') =

Thus

(ANB)(xyx1) = (panp(xyx 1), vanp(xyx™)) 2 (T(1ans(y), (%)), S(vans(y), ve(x))).

Which means that ANB» B. O

Proposition 9. Let A = (ya,va) € IFGN(G) and B = (up,vg) € IFGN(G) and C = (pc,vc) € IFGN(G) such
that T and S be idempotent. If A » C and B » C, then ANB » C.

Proof. By Proposition 5 we will have that AN B € IFGN(G). Let x,y € G, then

pans(xyxt)

v

And

vans(xyx )



Eng. Appl. Sci. Lett. 2020, 3(2), 40-53 49

Therefore

(ANB)(xyx™Y) = (pacp(xyx ™), vars (xyx ™)) 2 (T(pans (), (%)), S(vans(y), ve (x)))-

Hence ANB» C. [

Corollary 4. Let I, = {1,2,..,n} and {A; = (pa,va,) | i € In} € IFGN(G) such that {A; = (pa,va,) |1 €
In} » B = (‘MB,I/B). Then A = ﬂiEInAi » B = (‘ZJB,I/B).

4. Homomorphisms of I[FGN(G)

Proposition 10. Let A = (ya,va) € IFGN(G) and H be a group. Suppose that ¢ : G — H is a homomorphism.
Then ¢(A) € IFGN(H).

Proof. Letu,v € Hand x,y € G such thatu = ¢(x) and v = ¢(y) and ¢(A) = (@(pa), p(va)). Now

@(pa)(uv) = sup{pa(xy) | x),v=¢(y)}
> sup{T(pa(x), ua(y)) | u = ( ), v=9(y)}
= T(sup{pa(x) [ u= f(x)},sup{ua(y) | o= o)}
=T(e(pa)(u), p(pa)(v

u=e¢

and
¢(va)(uv) = inf{va(xy) [ u = p(x ) o(v)}
< inf{S(va(x),va(y)) | u ( )0 =o(y)}
= S(inf{va(x) | u = f(x )} inf{va(y) | v=¢(y)})
= S(p(va)(u), p(va)(v)).
Which mean that
@(A)(uv) 2 (T(p(pa)(u), ¢(1a)(©)), S(@(va)(u), ¢(va)(v))).
Also
@(pa) (™) = sup{pa(x™") | u —¢( D}
= sup{pa(x™) |ut =971 (x)}
> sup{pa(x) | u=¢(x)}
= ¢(pa)(u)
and
o(va) (™) = influa(x ) [u™ = p(x7 1)}
—inf{ua(x ) [ul = 9 (%)}
<inf{va(x) [ u = @(x)}
= @(va)(u).
Thus

e(A) (™) = (@(pa) (™), @(va) (™) 2 (9(ua) (), 9(va) () = ¢(A)(u).
Therefore ¢(A) € IFGN(H). O

Proposition 11. Let H be a group and B = (up,vp) € IFGN(H). Suppose that ¢ : G — H is a homomorphism. Then
¢ 1(B) € IFGN(G).
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Proof. Letx,y € Gand ¢ '(B) = (¢ (ug), 9 *(v)) = (up(¢@),vp(¢). Now
¢ (pp) (xy) = pup(p(xy)) = up(@(x)p(y)) > T(up(e(x)), us(ey))) = T~ (up)(x), ¢ (15)(y))

and

o~ (vg) (xy) = vp(g(xy)) = ve(p(x)9(y)) < S(vp(9(x)),ve(e(¥))) = S(¢™ (v)(x), ¢~ (vB) (1)).

So
¢ ' (B)(xy) 2 (T(¢ " (us)(x), @ (18) (¥)), S(9 " (v8) (x), ¢ (vB) (¥)))-
Also

and

Thus
o '(B)(x 1) = (¢ (up)(x 1), 97 (wp) (x 7)) 2 (¢ (pp) (x), 9 (vB) (%)) = ¢~ (B) ().
Hence ¢~ (B) € IFGN(G). O

Proposition 12. Let A = (pa,va) € NIFGN(G) and H be a group. Suppose that ¢ : G — H is a homomorphism.
Then ¢(A) € NIFGN(H).

Proof. As Proposition 10 we have that ¢(A) € IFGN(H). Let x,y € H such that ¢(u) = x and ¢(w) = y with
u,w € G. Then

(
(
= sup{pa( = p(uwu")}
= sup{pa(uwu=t) | w € G, p(uwu~') =y}
=sup{ua(w) |w € G, p(w) =y}
= o(nay))
and
o(va(xyx™")) = inf{va(w) | w € G, p(w) = xyx~'}
= inf{va(w) | w € G, p(w) = p(u)p(w)(u")}
inf{vs(w) | w € G, p(w) = p(uwu=1)}
inf{vs(uwu) |w e G, pluwut) =y}
= inf{vg(w) |w € G, ¢(w) =y}
= ¢(va(y))-
Which yield

o(A)(xyx™)) = (p(ualxyx™1)), p(valxyx™))) = (9(pa®)), 9(va))) = p(A)(v)).

Thus ¢(A) € NIFGN(H). O

Proposition 13. Let H be a group and B = (up,vg) € NIFGN(H). Suppose that ¢ : G — H is a homomorphism.
Then ¢~ 1(B) € NIFGN(G).
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Proof. By Proposition 11 we get that ¢~ !(B) € IFGN(G). Let x,y € G, then

¢ (pp) (xyx ) =

and

¢! (vp) (xyx 1) = vg(p(xyx™1))

I
<
=

[
< <
S~ RS
< =
= ®
SR E
S
=
<
N
)
L
~—~~
=
B
=

Then

¢ (B)(xyx~") = (¢ () (xyx ™), o (vB) (xyx 1)) = (¢ (uB) (v), ¢ (vB) (¥)) = ¢ (B)(v).
Thus ¢ 1(B) € NIFGN(G). O

Proposition 14. Let A = (pu,v4) € IFGN(G) and B = (up,vg) € IFGN(G) such that Aw» B.If¢ : G — Hisa
homomorphism, then ¢(A) » ¢(B).

Proof. Using Proposition 10 we will have that ¢(A) € IFGN(H) and ¢(B) € IFGN(H). Let x,y € H and
u,v € G, then

@(pa)(xyx™") = sup{pa(z) | z € G, (z) = xyx "'}
= sup{pa(uou~") | u,0 € G, o(u) = x,9(v) = y}
> sup{T(na(v), up(u)) | p(u) = x,¢(v) =y}
= T(sup{pa(v) |y = ¢(v)},sup{up(u) | x = ¢(u)})
=T(¢(na)W), ¢(up)(x))

and

¢(va)(xyx~') = inf{va(2) | z € G, 9(2) = xyx~'}

= inf{va(uout) | u,0 € G, ¢(u) = x,9(v) = y}
< inf{S(va(v),vp(u)) | p(u) = x, ¢(v) = y}

= S(inf{va(v) | y = ¢(0)}, inf{vp(u) [ x = ¢(u)})

= S(¢(va)(¥), p(vs)(x)).

Then

= (¢(pa)(xyx™1), (va) (xyx™1))
2 (T(e(pa) ), o(us)(x)), S(e(va) (), ¢(ve)(x))).

Thus ¢(A) » ¢(B). O

Proposition 15. Let A = (ya,v4) € IFGN(H) and B = (up,vg) € IFGN(H) such that A» B.If¢ : G — Hisa
homomorphism, then ¢~ 1(A) » ¢~ 1(B).
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Proof. As Proposition 11 we will have that 9~ 1(A) € IFGN(G) and ¢~ !(B) € IFGN(G). Let x,y € G, then

and

¢ (pa) (xyx 1) =

Then

e (A) (xyxh) = (@ M (ma) (xyx ™), o (va) (xyx 1))
O (T(e ' (na) (), @ M (pe)(x)), S(¢ ' (va) (v), ¢~ (v)(x))).

Thus ¢~ 1 (A) » ¢~ 1(B). O
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