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Abstract: The degree tolerant number of the power graph of the finite Albenian group, Z, under addition
modulo 1, n € N is investigated. A surprising simple result, x4 (P ((Zy, +n1))) = k for the product of primes,
n = p1p2p3 - - - Pk is presented.
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1. Introduction

ince, the foundation paper titled, Degree Tolerant Coloring of Graphs is under review, sufficient results and
S concepts will be recalled to makes this paper digestible. It is assumed that the reader is familiar with
the definition and properties of finite Albenian groups over the operation addition +, (or, multiplication x).
For ease of reference we recall that, depending on the characteristics of the elements of a non-empty set X, the
operations + or x can be abstract operations. Having said that, we recall that if X is a non-empty set and f is
a binary operation on X i.e., f : X x X X we can denote, f((a,b)) = aob. The ordered pair (X, f) is a group if:

(i) fisassociativei.e.ao(boc) = (aob)oc, Va,b,c € X.
(i) Ae € X exists such that,aoe = a, Va € X (called a right identity of (X, f)).
(iif) A b € X exists for each a € X such that, 2 o b = ¢ (called a right inverse of a).

If for all 3,b € X we have aob = boa then (X, f) is an Albenian group (also called a commutative
group). A good introduction is found amongst others, in [1]. In this paper we will consider only a specific
finite Albenian group.

It is also assumed that the reader is familiar with most of the classical concepts in graph theory.
Throughout only finite, connected simple graphs will be considered. For more on general notation and
concepts in graphs see [2—4]. It is also assumed that the reader is familiar with the concept of graph coloring. In
a proper coloring of G all edges are said to be good i.e. V uv € E(G), c(u) # c(v). The set of colors assigned in
a graph coloring is denoted by C and a subset of colors assigned to a subset of vertices X C V(G) is denoted by
¢(X). In an improper (or defect) coloring it is permitted that for some uv € E(G), the coloring is c(u) = c(v).

Recall that for a degree tolerant coloring abbreviated as, DT-coloring of a graph G the following condition
is set:

(i) Ifuv € E(G) and deg(u) = deg(v) then, c(u) = c(v) else, c(u) # c(v).

Alternative formulation for condition (i). If uv € E(G) then, c(u) = ¢(v) if and only if deg(u) = deg(v).
The minimum number of colors which yields a DT-coloring is called the degree tolerant chromatic number of G
and is denoted by, x4 (G). A salient condition which is implied is, if uv ¢ E(G) then, either ¢(u) = c(v) or
c(u) # c(v). For K,, n > 1 it easily follows that, x4 (Ky) = 1 < x(Ky). In fact, for n > 2 it follows that,
Xat(Kn) < x(Ky). Furthermore, for paths Py, P, we find x4(P1) = x4:(P2) = 1. On the other hand for n > 3
we have, x4 (Pn) = x(Py) = 2. In the aforesaid it is only the coloring assignment which differs.

Consider the set R, = {deg(v) : v € Nu|,u € V(G)}. The degree tolerant index of u € V(G) is defined
by p(u) = |R,|. Note that since repetition in a set is not permitted, p(u#) < |N[u]|. Let the degree tolerant index
of a graph G be p(G) = max{p(u) : over all u € V(G)}. We recall a result of interest.
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Theorem 1. For a graph G, it follows that x5;(G) < p(G).

2. Albenian group Z, under addition modulo n: n € N

Denote the finite Albenian group Z, under addition modulo n, n € N by, (Zy,+,). We have Z, =
{0,1,2,...,n — 1} and the generator set, Zg., = {m : m relatively prime to n}. Let P = {prime numbers}.

Since it is known that that any non-prime positive integer n > 4 can be written as a product of prime
numbers, begin by considering a product of two distinct primes i.e. n = p1p2, p1, p2 € P. It is agreed that the
terms prime and prime number may be used interchangeably.

Lemma 1. For distinct positive integers my, my, there are exactly mq — 1 multiples of my and exactly my — 1 multiples
of my in the integer range [0, mymy — 1].

Proof. The number of multiples of m; and my in the integer range [0, mymy — 1] is given by LMJ and

P1
L%i_lj respectively. Further through simplification
-1
2L |~y 1 and
RELEE Y.

my

O

The respective sets of multiples of the primes p; and p; in the integer range [0, p1p2 — 1] are denoted
by My, and Mp,. The vertex set of the power graph denoted by P((Zy,+n)) is V(P((Zn, +u))) =
{vo,v1,v2,...,9p,p,—1}. Alternatively, Vp(Z,) (for brevity). The power graph has edge set E(P ((Zy, +1))) =
{vivj i € Zgen U{0},0; € Vp(Zy),i # j} U{vkvp i k, £ € My, k # L} U{vwor :m, T € My,,m # T} = Ep(Zn),
(for brevity).

Remark 1. Conventionally the power graph is a directed graph. We only consider the undirected case, hence
the underlying power graph.

Note that a result stemming from the Euler ¢-function (see Theorem 2.13.5, [1]) yields |Zgen| = (p1 —
1)(p2 — 1). Since |V(P((Zu,+n)))| = p1p2, the above implies that the vertex set of the power graph
P((Zn,+n)) can be partitioned into:

|V1| = (Pz — 1)—set and deg(vi) = Pl(PZ — 1), v; € W,
|V2| = (pl — 1)-set and deg(v]) = pZ(Pl — 1), vj € \%¥
|Veen U{vo}| = (p1p2 — p1 — p2 +2)-set and deg(vx) = p1p2 — 1, vk € Vgen U {v0}.

The Figure 1 depicts P((Zu, +n)), p1 = 2, p2 = 3.

Figure 1. Power graph of P((Z¢, +¢))

2.1. Degree tolerant chromatic number of (Z,, +)

Lemma 2. For a positive integer n = pypa, p1, p2 € P, p1 # pa, we have that x4 (P((Zn, +n))) = 2.
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Proof. Since p(v;) = 2, v; € Vi, p(vj) = 2, v; € Vo and p(vx) = 3, v € Vgen U {vp}, it follows that
0(P((Zyn,+n))) = 3. From Theorem 1, x4;(P((Zn, +1))) < 3. Since V41 NV, = @ the coloring ¢(V7) = ¢(V;) is
permissible in a minimal DT-coloring. Hence x4 (P ((Zn, +n))) < 2. However P((Zy, +n)) is not regular, so
Xdt(P((Zy, +n))) > 2. This settles the result. O

Now consider n = p1p2ps, p1, P2, p3 € Pand p; # p; for all pairs.

Lemma 3. In the integer range [0, pypaps — 1], let Vi = {multiples of p1}, Vo = {multiples of pp}, V3 = {multiples
of ps}. Then |ViNVa| =p3—1, |[ViNV3| =pa—Land [VoN V3| = p; — 1.

Proof. Noting that without loss of generality V; N V; = L% : L%ﬁ"_l“ = py — 1, the result follows. O

Lemma 4. For a positive integer n = pypap3 and p1, p2, p3 € P, we have x3;(P((Zn, +n))) = 3.

Proof. Similar to the vertex partition for the case n = pypy, the vertex set V(P ((Zy, +n))) for the case n =
p1p2p3 can be partitioned into Vi, V3,V3 and Vge, U {vg}. Clearly, by similar reasoning found in the proof of
Lemma 3, x4 ((Zn, +r)) < 4. Since no multiple of p; pap3 exists, it follows that no induced K3 exists on a triple
0,0}, Uk, Ui € 1, vj € Vo, v € V3. Therefore x4 ((Zn, +n)) < 3.

Since pj, pj, px > 2, it follows that V; N V; # @. Therefore, an induced Kj exists in P((Zy,+4)) such that
each vertex has degree distinct from the other. Note that one of the vertices will be in Vge,, U {vg}. By condition
(i), xa:(P((Zn,+n))) > 3. Hence the result. O

We are ready to present the main result.
k
Theorem 2. For a positive integer n = 1 p;, p; € Pand p; # p; iff i # j, we have x4(P((Zn, +n))) = k.
i=1

Proof. The result follows by Lemmas 1, 2, 3, 4 and the utilization of induction. O

3. Conclusion

It is known that for some graphs x4 (G) < x(G).

k

Problem 1. Show that for a positive integer n = [] p;, p; € P and p; # p; iff i # j that xg (P((Zn, +4))) <
i=1

X(P((Zn, +n)))-

The numerous finite Albenian groups offer a wide scope for further research.
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